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Preface

This is a Ph.D. thesis submitted to Graduate School of Mathematical Sci-
ences, the University of Tokyo.

Throughout this thesis, we work over the field of complex numbers C. We
adopt the standard notations and definitions in [KaMaMa87] and [KoMo98|,
and will freely use them.

The aim of birational geometry is to classify all varieties up to birational
equivalence. According to Minimal Model Program, minimal varieties and
Fano varieties with mild singularities form fundamental classes in birational
geometry. To understand these special classes of varieties, it is very natural
and interesting to prove some boundedness results. The goal of this thesis is
to collect my recent works in birational geometry centered around the theme
of boundedness.

Chapter 1 contains a brief summary of the motivations, main problems,
histories, and main results on boundedness of volumes and birationality.

Chapter 2 provides basic knowledge on volumes, Hirzebruch surfaces, non-
klt centers, connectedness lemma, rational map defined by a Weil divisor,
Reid’s Riemann—Roch formula, and so on. Basic lemmas are also provided
to support the following chapters.

Chapter 3 focuses on the boundedness of anti-canonical volumes. We
prove Weak Borisov—-Alexeev—Borisov Conjecture in dimension three which
states that the anti-canonical volume of an e-klt log Fano pair of dimension
three is bounded from above. As a corollary, we give a different proof of
boundedness of log Fano threefolds of fixed index.

Chapters 4 and 5 are devoted to the boundedness of birationality.

In Chapter 4, we investigate the pluri-anti-canonical linear systems of
weak Q-Fano 3-folds. We prove that, for a Q-Fano 3-fold X, | — mKx| gives
a birational map for m > 39, and for a weak Q-Fano 3-fold X, | — mKx]|
gives a birational map for m > 97. We also consider the generic finiteness



and prove that for a Q-Fano 3-fold X, | —mK x| gives a generically finite map
for m > 28. Plenty of examples are provided for discussing the optimality of
these results.

In Chapter 5, we investigate minimal 3-fold X with numerically trivial
canonical divisor and a nef and big Weil divisor L on X. We prove that [mL|
and |Kx + mL| give birational maps for m > 17.

Chapters 3 and 5 are based on my preprints [Jiangl4b, Jiangl4a]. Chap-
ter 4 is based on a joint work with Meng Chen [CJ14].
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1

Introduction

The aim of birational geometry is to classify all varieties up to birational
equivalence. According to Minimal Model Program, minimal varieties and
Fano varieties with mild singularities form fundamental classes in birational
geometry. To understand these special classes of varieties, it is very natural
and interesting to prove some boundedness results. In particular, we are
interested in the boundedness of anti-log-canonical volumes of singular log
Fano varieties and that of birationality of minimal 3-folds and Q-Fano 3-folds.

1.1 Boundedness of anti-canonical volumes

Definition 1.1.1. A pair (X, A) consists of a normal projective variety X
and an effective Q-divisor A on X such that Kx + A is Q-Cartier. (X, A)
is called a log Fano pair (resp. weak log Fano pair) if —(Kx + A) is ample
(resp. nef and big). If dim X = 2, we will use del Pezzo instead of Fano.

Definition 1.1.2. Let (X, A) be a pair. Let f: Y — X be a log resolution
of (X, A), write
Ky = f*(Kx +A)+ ) a;F;,

where F; is a prime divisor. The coefficient a; is called the discrepancy of F;
with respect to (X, A), and denoted by ag, (X, A). For some € € [0,1], the
pair (X, A) is called

(a) e-kawamata log terminal (e-kit, for short) if a; > —1 + € for all i;
(b) €e-log canonical (e-le, for short) if a; > —1 + € for all 4;

(c) terminal if a; > 0 for all f-exceptional divisors F;.



Note that 0-klt (resp. 0-lc) is just klt (resp. lc) in the usual sense.

Definition 1.1.3. A variety X is of e-Fano type if there exists an effective
Q-divisor A such that (X, A) is an e-klt log Fano pair.

We are mainly interested in the boundedness of e-Fano type varieties.

Definition 1.1.4. A collection of varieties { X }ea is said to be bounded if
there exists h : X — S a morphism of finite type of Neotherian schemes such
that for each X, X, ~ X, for some s € S.

Our motivation is the following BAB Conjecture due to A. Borisov, L.
Borisov, and V. Alexeev.

Conjecture 1.1.5 (BAB Conjecture). Fiz 0 < e < 1, an integer n > 0.
Then the set of all n-dimensional e-Fano type varieties is bounded.

BAB Conjecture is one of the most important conjecture in birational
geometry and it is related to the termination of flips. As the approach to
this conjecture, we are interested in the following much weak conjecture for
anti-canonical volumes which is a consequence of BAB Conjecture.

Conjecture 1.1.6 (Weak BAB Conjecture). Fiz 0 < € < 1 and an integer
n > 0.

Then there exists a number M (n,€) depending only on n and € with the
following property:

If (X, A) is an n-dimensional e-klt log Fano pair, then

Vol(—(Kx + A)) = (=(Kx + A))" < M(n,e).
Further, if Kx is Q-Cartier, then
Vol(—=Kx) < M(n,e).

BAB Conjecture was proved in dimension two by Alexeev [Ale94a] with
a simplified argument by Alexeev—Mori [AM04]. In dimension three or
higher, BAB Conjecture is still open. There are only some partial bounded-
ness results. For example, we have boundedness of smooth Fano manifolds
by Kollar-Miyaoka—Mori [KoMiMo092], that of terminal Q-Fano Q-factorial
threefolds of Picard number one by Kawamata [Kaw92a|, that of canonical
Q-Fano threefolds by Kollar-Miyaoka—Mori—Takagi [KMMTO00], and that of
toric varieties by Borisov—Borisov [BB92].

Weak BAB Conjecture in dimension two was treated by Alexeev [Ale94a],
Alexeev—-Mori [AMO04], and Lai [Lail2]. Recently, the author [Jiangl3] gave
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an optimal value for the number M(2,¢). For Weak BAB Conjecture in
dimension three assuming that Picard number of X is one, an effective value
of M (3, €) was announced by Lai [Lail2]. For general case of dimension three
and higher, Weak BAB Conjecture is still open.

As the main theorem in Chapter 3, we prove Weak BAB Conjecture in
dimension three.

Theorem 1.1.7. Weak BAB Conjecture holds for n = 3.

As a consequence, we get a different proof of a result on the boundedness
of log Fano varieties of fixed index in dimension three which was conjectured
by Batyrev, and proved by A. Borisov [Bor01] in dimension three and Hacon—
M¢Kernan—Xu [HMX14, Corollary 1.8] in arbitrary dimension.

Corollary 1.1.8. Fix a positive integer r.

Let D be the set of all normal projective varieties X, where dim X = 3,
Kx is Q-Cartier, and there ezists an effective Q-divisor A such that (X, A)
is kit and —r(Kx + A) is Cartier and ample.

Then D forms a bounded family.

1.1.1 Description of the proof
Firstly, we give an approach to Weak BAB Conjecture via Mori fiber spaces.

Definition 1.1.9. A projective morphism X — T between normal varieties
is called a Mori fiber space if the following conditions hold:

(i) X is Q-factorial with terminal singularities;
(ii) f is a contraction, i.e. f,Ox = Or;
(ili) —Kx is ample over T}
(iv) p(X/T) =1;
(v) dim X > dim 7.
At this time, we say that X is with a Mori fiber structure.
We raise the following conjecture for Mori fiber spaces.

Conjecture 1.1.10 (Weak BAB Conjecture for Mori fiber spaces). Fiz 0 <
e <1, an integer n > 0.

Then there exists a number M (n,€) depending only on n and € with the
following property:



If X is an n-dimensional e-Fano type variety with a Mort fiber structure,
then
Vol(—Kx) < M(n,e).

We prove the following theorem by using Minimal Model Program.

Theorem 1.1.11. Weak BAB Conjecture holds for fixed € and n if and only
if Weak BAB Conjecture for Mori fiber spaces holds for fixed ¢ an n.

By Theorem 1.1.11, to consider the boundedness of anti-canonical vol-
umes of log Fano pairs, we only need to consider the ones with better sin-
gularities (Q-factorial terminal singularities) and with additional structures
(Mori fiber structures). This is the advantage of this theorem. In dimension
two, this theorem appears as a crucial step to get the optimal value of M (2, €)
(c.f. [Jiangl3]).

Restricting our interest to dimension three, we prove the following theo-
rem.

Theorem 1.1.12. Weak BAB Conjecture for Mori fiber spaces holds for
n=3J.

Theorem 1.1.7 follows from Theorems 1.1.11 and 1.1.12 directly.
To prove Theorem 1.1.12; we need to consider e-Fano type 3-fold X with
a Mori fiber structure X — T'. There are 3 cases:

(1) dimT =0, X is a Q-factorial terminal Q-Fano 3-folds with p = 1;

(2) dimT =1, X — T ~ P! is a del Pezzo fibration, i.e. a general fiber is
a smooth del Pezzo surface;

(3) dim7T = 2, X — T is a conic bundle, i.e. a general fiber is a smooth
rational curve.

The second statement is implied by the following fact: if (X, A) is a klt
log Fano pair, then X is rationally connected (see [Zha06, Theorem 1]), in
particular, for any surjective morphism X — 7' to a normal curve, T ~ P

In Case (1), X is bounded by Kawamata [Kaw92a], and the optimal
bound of Vol(—Kx) = (—Kx)? is 64 due to the classification on smooth Fano
3-folds of Iskovskikh and Mori-Mukai and by Namikawa’s result [Nam97]
(Gorenstein case) and Prokhorov [Pro07] (non-Gorenstein case).

We will mainly treat Cases (2) and (3).

One basic idea is to construct singular pairs which is not klt along fibers
of X — T. Then by Connectedness Lemma, we may find a non-klt center
intersecting with the fibers. Finally by restricting on a general fiber, we get
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the bound after some arguments on lower dimensional varieties. But several
difficulties arise here.

In Case (3), the difficulty arises in the construction of singular pair be-
cause we need to avoid components which are vertical over 7. To do this,
we need a good understanding of the singularities and boundedness of the
surface 7', which was done by several papers as [Ale94a], [MP08], and [Bir14].

In Case (2), the difficulty arises in the last step. After restricting on a
general fiber, we need to bound the (generalized) log canonical thresholds
on surfaces. So we are done by proving the following (generalized) Ambro’s
conjecture in dimension two.

Definition 1.1.13. Let (X, B) be a lc pair and D > 0 be a Q-Cartier Q-
divisor. The log canonical threshold of D with respect to (X, B) is

let(X, B; D) =sup{t € Q| (X, B +1tD) is Ic}.

For the use of this thesis, we need to consider the case when D is not effective.
Let G be a Q-Cartier Q-divisor satisfying G + B > 0, The generalized log
canonical threshold of G with respect to (X, B) is

glet(X, B; G) =sup{t € [0,1] N Q| (X, B+ tG) is Ic}.

Conjecture 1.1.14 (Ambro’s conjecture). Fiz 0 < € < 1 and integer n > 0.
Then there exists a number p(n,e) > 0 depending only on n and e with
the following property:
If (Y, B) is an e-klt log Fano pair of dimension n, then

inf{let(Y, B; D) | D ~g —(Ky + B),D > 0} > u(n,e).

Note that we do not assume any special conditions on the coefficients of
B. The left-hand side of the inequality is called a-invariant of (Y, B) which
generalizes the concept of a-invariant of Tian for Fano manifolds in differ-
ential geometry (see [CMG14, CS08, Tian87]). Recently Ambro [Ambl4]
announced a proof of this conjecture assuming that (Y, B) is a toric pair
where an explicit sharp number p(n, €) was given. For the use of this paper,
we need a stronger version of this conjecture where D may not be effective.

Conjecture 1.1.15 (generalized Ambro’s conjecture). Fiz 0 < € < 1 and
integer n > 0.

Then there exists a number pu(n,e) > 0 depending only on n and € with
the following property:

If (Y, B) is an e-klt weak log Fano pair of dimensionn andY has at worst
terminal singularities, then

inf{glet(Y, B; G) | G ~¢ —(Ky + B),G + B > 0} > pu(n, ).



Note that Conjecture 1.1.14 follows from Conjecture 1.1.15 easily after
taking terminalization of (Y, B).

We prove the conjecture in dimension two by following some ideas in the
proof of BAB Conjecture in dimension two ([Ale94a, AMO04]). But it seems
that this conjecture does not follow from BAB Conjecture trivially.

Theorem 1.1.16. Conjecture 1.1.15 holds for n = 2.

For the proof of Corollary 1.1.8, we basically follow the idea in [Bor01] to
bound the Hilbert polynomials by [KoMa83].

1.2 Boundedness of birationality

Definition 1.2.1. A normal projective variety X is called a weak Q-Fano
variety if X has at worst QQ-factorial terminal singularities and the anti-
canonical divisor —Kx is nef and big. A weak Q-Fano variety is said to be
Q-Fano if —Kx is Q-ample and the Picard number p(X) = 1.

Definition 1.2.2. A normal projective variety X is said to be minimal if X
has at worst Q-factorial terminal singularities and the canonical divisor Kx
is nef.

According to Minimal Model Program, Q-Fano varieties and minimal
varieties form fundamental classes in birational geometry.

Given an n-dimensional normal projective variety X with mild singular-
ities and a big Weil divisor L on X, we are interested in the geometry of
the rational map @,z defined by the linear system |mL|. By definition,
®,,,,1| is birational onto its image when m is sufficiently large. Therefore it is
interesting to find such a practical number m(n), depending only on dim X,
which stably guarantees the birationality of ®,,,z|. In fact, the following three
special cases are the most interesting:

(i) Kx is nef and big, L = Kx;
(ii) Kx =0, L is an arbitrary nef and big Weil divisor;
(ili) —Kx is nef and big, L = —Kx.

It is an interesting exercise to deal the case X being a smooth curve or
surface.

Theorem 1.2.3 (c.f. Bombieri [Bom73|, Reider [Reider88]). Let S be a
smooth surface.



(i) If Kg is nef and big, then |mKg| gives a birational map for m >5;

(i) If Ks = 0, then |mL| gives a birational map for m > 3 and L an
arbitrary nef and big divisor;

(111) If —Kg is nef and big, then | —mKg| gives a birational map for m > 3.

For a 3-fold X, when X is smooth, these cases were treated by Matsuki
[Mat86], Ando [Ando87], Fukuda [Fuk91], Oguiso [Ogu91], and many others,
and we have the following known results.

Theorem 1.2.4 (Matsuki [Mat86], Fukuda [Fuk91]). Let X be a smooth
3-fold.

(i) If Kx is nef and big, then |mKx| gives a birational map for m > 6;

(i) If Kx = 0, then |mL| gives a birational map for m > 6 and L an
arbitrary nef and big divisor;

(i11) If —Kx is nef and big, then | —mKx| gives a birational map for m > 4.

When X is a 3-fold with Q-factorial terminal singularities, Case (i) was
systematically treated by J. A. Chen and M. Chen [CC10a, CC10b, CC13].

Theorem 1.2.5 (Chen—Chen [CC13]). Let X be a minimal 3-fold of general
type (i.e Kx is nef and big), then |mKx| gives a birational map for m > 61.

We are going to treat Cases (ii) and (iii) systematically.

1.2.1 Q-Fano threefolds

In Chapter 4, for a weak Q-Fano 3-fold X, the anti-m-canonical map o_,, is
the rational map defined by the linear system | — mKx|. Such a number m;
that stably guarantees the birationality of ¢_,,, exists due to the bounded-
ness of Q-Fano 3-folds, which was proved by Kawamata [Kaw92a], and the
boundedness of weak Q-Fano 3-folds proved by Kollar-Miyaoka—Mori-Takagi
[KMMTO00]. It is natural to consider the following problem.

Problem 1.2.6. Find the optimal constant ¢ such that ¢_,, is birational
onto its image for all m > ¢ and for all (weak) Q-Fano 3-folds.

The following example tells us that ¢ > 33.

Example 1.2.7 ([IF00, List 16.6, No0.95]). The general weighted hypersur-
face X33 C P(1,5,6,22,33) is a Q-Fano 3-fold. It is clear that ¢_,, is bira-
tional onto its image for m > 33, but ¢_3s fails to be birational.
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It is worthwhile to compare the birational geometry induced from |mK]|
on varieties of general type with the geometry induced from |—mK | on (weak)
Q-Fano varieties. An obvious feature on Fano varieties is that the behavior
of v_,, is not necessarily birationally invariant. For example, consider degree
2 (rational) del Pezzo surface Sy and P?, | — Kp2| gives a birational map but
| — Kg,| does not. This causes difficulties in studying Problem 1.2.6. In fact,
even if in dimension 3, there is no known practical upper bound for ¢ in
written records.

When X is smooth, we may take ¢ = 4 according to Ando [Ando87]
and Fukuda [Fuk91]. When X has terminal singularities, Problem 1.2.6 was
treated by M. Chen in [Chen11], where an effective upper bound of ¢ in terms
of the Gorenstein index of X is proved (cf. [Chenll, Theorem 1.1]). Since,
however, the Gorenstein index of a weak Q-Fano 3-fold can be as large as
“840” (see Proposition 4.1.1), the number “3 x 840+ 10 = 2530” obtained in
[Chenll, Theorem 1.1] is far from being optimal. It turns out that Problem
1.2.6 is closely related to the following problem (cf. [Chenll, Theorem 4.5]).

Problem 1.2.8. Given a (weak) Q-Fano 3-fold X, can one find the least
positive integer &1 = 61(X) such that dimp_s (X) > 17

Problem 1.2.8 is parallel to the following question on 3-folds of general
type:

LetY be a 3-fold of general type on which [nKy | is composed with
a pencil of surfaces for some fived integer n > 0. Can one find
an integer m (bounded from above by a function in terms of n)
so that |mKy| is not composed with a pencil any more?

This question was solved by Kollar [Kol86] who proved that one may take
m < 11n 4+ 5. The result is a direct application of the semi-positivity of
f*wé, /B since, modulo birational equivalence, one may assume that there is a
fibration f : Y — B onto a curve B. As far as we know, there is still no
known analogy of Kollar’s method in treating Q-Fano varieties.

Firstly, we shall prove the following theorem.

Theorem 1.2.9. Let X be a Q-Fano 3-fold. Then there exists an integer
ny < 10 such that dime_,, (X) > 1.

Theorem 1.2.9 is close to be optimal due to the following example.

Example 1.2.10 ([IF00, List 16.7, No.85]). Consider the general codimen-
sion 2 weighted complete intersection X := Xai30 C P(1,8,9,10,12,15)
which is a Q-Fano 3-fold. Then dimp_o(X) > 1 while dimgp_g(X) =1
since h’(—8Kx) = 2.




In fact, theoretically, there are only 4 possible weighted baskets for which
we need to take n; = 10 (see Remark 4.2.13 and Subsection 4.2.6 for more
details and discussions). Theorem 1.2.9 allows us to prove the following
result.

Theorem 1.2.11. Let X be a Q-Fano 3-fold. Then ¢_,, is birational onto
its image for all m > 39.

In particular, as a by-product we have the following corollary which is
optimal.

Corollary 1.2.12. Let X be a Q-Fano 3-fold.
(i) If h°(—Kx) > 3, then p_,, is birational onto its image for all m > 6;
(ii) If hi°(—Kx) = 2, then ¢_,, is birational onto its image for all m > 21.

The optimality is shown by the general weighted hypersurfaces X, C
P(1,1,1,4,6) and X4 C P(1,1,6,14,21) ([IF00, List 16.6, No.14, No.88]).

T. Sano suggested that we can consider the generic finiteness of ¢_,,, and
we get the following result.

Theorem 1.2.13. Let X be a Q-Fano 3-fold. Then ¢_,, is generically finite
onto its image for all m > 28.

Note that in Example 1.2.7, ¢_55 is generically finite onto its image but
p_o1 1s not.

A key point in proving Theorem 1.2.9 is that we have p(X) = 1, which is
not the case for arbitrary weak Q-Fano 3-folds. Therefore we should study
weak Q-Fano 3-folds in an alternative way. Our result is as follows.

Theorem 1.2.14. Let X be a weak Q-Fano 3-fold. Then dimp_,,(X) > 1
for all ng > 71.

Theorem 1.2.14 allows us to study the birationality.

Theorem 1.2.15. Let X be a weak Q-Fano 3-fold. Then ¢_,, is birational
onto its image for all m > 97.

Also we can prove similar result on generic finiteness, but it seems not so
interesting.



1.2.2 Minimal 3-folds with K =0

In Chapter 5, for a minimal 3-fold X with Ky = 0 and an arbitrary nef and
big Weil divisor L on X, we are interested in the rational map @, defined
by the linear system |mL|. If X is smooth, then |mL| gives a birational map
for m > 6 by Fukuda [Fuk91]. If X is with Gorenstein terminal singularities
and ¢(X) := h'(Ox) = 0, then |mL| gives a birational map for m > 5 by
Oguiso—Peternell [OP95].

The motivation of Chapter 5 is to systematically study the birational
geometry of minimal 3-fold with K = 0. For an arbitrary nef and big Weil
divisor L on X, we investigate the birationality of the linear system |mL|.
For special interest, we also investigate the birationality of the adjoint linear
system |Kx + mL|.

The difficulty arises from the singularities of X, and the assumption that
L is only a Weil divisor. If we assume that L is Cartier, then the prob-
lem becomes relatively easy and can be treated by the method of Fukuda
[Fuk91] using Reider’s theorem [Reider88]. On the other hand, fortunately,
the singularities of minimal 3-folds with K = 0 is not so complicated due to
Kawamata [Kaw86] and Morrison [Mor86], and this makes it possible to deal
with the birationality problem.

We prove the following theorem.

Theorem 1.2.16. Let X be a minimal 3-fold with Kx = 0 and a nef and
big Weil divisor L. Then |mL| and |Kx + mL| give birational maps for all
m > 17.

In fact, we prove a more general theorem.

Theorem 1.2.17. Let X be a minimal 3-fold with Kx = 0, a nef and big
Weil divisor L, and a Weil divisor T = 0. Then |Kx +mL + T| gives a
birational map for all m > 17.

Moreover, by Log Minimal Model Program, the assumption that L is nef
can be weaken. We say that a divisor D has no stable base components if
|/mD| has no base components for sufficiently divisible m.

Theorem 1.2.18. Let X be a minimal 3-fold with Kx = 0, a big Weil
divisor L without stable base components, and a Weil divisor T'= 0. Then
|Kx +mL+ T| gives a birational map for all m > 17. In particular, |mL)|
and |Kx +mL| give birational maps for all m > 17.

As a by-product, we prove a direct generalization of Fukuda [Fuk91] and
Oguiso—Peternell [OP95] which is optimal by the general weighted hypersur-
face X10 C P(1,1,1,2,5).
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Theorem 1.2.19 (=Theorem 5.2.2). Let X be a minimal Gorenstein 3-fold
with Kx =0, a nef and big Weil divisor L, and a Weil divisor T'=0. Then
|Kx +mL +T| gives a birational map for all m > 5.

11



2

Preliminaries

2.1 Volumes

Definition 2.1.1. Let X be an n-dimensional projective variety and D be
a Cartier divisor on X. The volume of D is the real number

0
Vol(D) = lim sup WX, OX(mD>).

m—00 m"/n!

Note that the limsup is actually a limit. Moreover by the homogenous prop-
erty of the volume, we can extend the definition to Q-Cartier Q-divisors.

Note that if D is a nef Q-divisor, then Vol(D) = D™.

For more background on volumes, see [Laz04, 11.4.A].

2.2 Hirzebruch surfaces

We recall some basic properties of the Hirzebruch surfaces F,, = Ppi(Op1 @
Opi(n)), n > 0. Denote by h (resp. f) the class in Pic F,, of the tautological
bundle Op, (1) (resp. of a fiber). Then Pic F, = Zh @& Zf with f% = 0,
f-h=1, h* =n. If n > 0, there is a unique irreducible curve o, C F,, such
that o, ~ h —nf, 02 = —n. For n = 0, we can also choose one curve whose
class in Pic [Fy is h and denote it by o¢. Note that

—Kg, ~2h—(n—2)f ~ 20, + (n+2)f.

Lemma 2.2.1. For an effective Q-divisor D ~qg —Kpg, and a fiber f, mult;D <
n+ 2.
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Proof. Since D — (mult;D)f is effective, (D — (mult;D)f) - h > 0. On the
other hand, (D — (mult;D)f)-h =n+ 2 —mult;D. O

Lemma 2.2.2. Let T = P? orF,, then for an effective Q-divisor D ~g —Kr
and a point (), multgD < n + 4 holds. Moreover, if we write D = Zj b;D;
by its components and assume that b; <1 for all j, then Zj b; < 4.

Proof. If T = P2, taking a general line L through ), we have
3= (D-L)>multy(D).

If T =T,, take f be the fiber passing through ), by Lemma 2.2.1 and
intersection theory, we have

2=D-f>multgD — mult;D > multgD — n — 2.

For the latter statement, if 7' = F,,, then the conclusion follows by [AMO04,
Lemma 1.4]. If T'=P?, then Y b; < 3 by degree computation. O

2.3 Non-klt centers and connectedness lemma

Definition 2.3.1. Let X be a normal projective variety and A be a Q-divisor
on X such that Kx + A is Q-Cartier. Let f: Y — X be a log resolution of
(X,A), write

Ky = f"(Kx +A) + Zain‘,

where F; is a prime divisor. F; is called a non-klt place if a; < —1. A
subvariety V' C X is called a non-kit center of (X, A) if it is the image of a
non-klt place. The non-kit locus Nklt(X, A) is the union of all non-klt centers
of (X,A). A non-klt center is mazimal if it is an irreducible component of
Nklt(X, A).

The following lemma suggests a standard way to construct non-klt cen-
ters.

Lemma 2.3.2 (cf. [KoMo098, Lemma 2.29]). Let (X, A) be a pair and Z C X
be a close subvariety of codimesion k such that Z is not contained in the
singular locus of X. If multzA >k, then Z is a non-kit center of (X, A).

Recall that the multiplicity multz F' of a divisor F' along a subvariety Z
is defined by the multiplicity mult, F' of F' at a general point x € Z.

Unfortunately, the converse of Lemma 2.3.2 is not true unless k£ = 1.
Usually we do not have good estimations for the multiplicity along a non-klt
center but the following lemma.
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Lemma 2.3.3 (cf. [Laz04, Theorem 9.5.13]). Let (X,A) be a pair and Z C
X be a non-klt center of (X, A) such that Z is not contained in the singular
locus of X. Then multzA > 1.

If we assume some simple normal crossing condition on the boundary,
we can get more information on the multiplicity along a non-klt center. For
simplicity, we just consider surfaces.

Lemma 2.3.4 (cf. [McK02, 4.1 Lemma]). Fiz 0 <e < 1. Let S be a smooth
surface, B be an effective Q-divisor, and D be a (not necessarily effective)
simple normal crossing supported Q-divisor. Assume that coefficients of D
are at most e and multpB < 1 — e for some point P, then for arbitrary
divisor E centered on P over S, ag(S,B + D) > —e. In particular, if Z
is a non-klt center of (S, B+ D) and coefficients of D are at most e, then
multz;B >1—e.

Proof. By taking a sequence of point blow-ups, we can get the divisor E.
Consider the blow-up at P, we have f : S; — S with Kg, + B1 + D1 +mE; =
f*(Ks + B + D) where B; and D; are the strict transforms of B and D
respectively, and F is the exceptional divisor with m = multp(B+ D) —1 <
l—e+2e—1=e. Now D;+mkE; is again simple normal crossing supported
and multgB; < multpB for ) € E;. Hence by induction on the number
of blow-ups, we conclude that the coefficient of E is at most e and hence
ag(S,B+ D) > —e. O

We have the following connectedness lemma of Kollar and Shokurov for
non-klt locus (cf. Shokurov [Sho93], Kollar [Kol*t92, 17.4]).

Theorem 2.3.5 (Connectedness Lemma). Let f : X — Z be a proper
morphism of normal varieties with connected fibers and D is a Q-divisor
such that —(Kx + D) is Q-Cartier, f-nef and f-big. Write D = Dt — D~
where DV and D~ are effective with no common components. If D~ is f-
exceptional (i.e. all of its components have image of codimension at least 2),
then NKIt(X, D) N f~1(2) is connected for any z € Z.

Remark 2.3.6. There are two main cases of interest of Connectedness Lemma:

(i) Z is a point and (X, D) is a weak log Fano pair. Then Nklt(X, D) is
connected.

(ii) f: X — Zisbirational, (Z, B) is a log pair and Kx+D = f*(Kz+ B).

14



2.4 Rational map defined by a Weil divisor

For two linear systems |A| and |B|, we write |A| < |B] if
|B| D |A| + fixed effective divisor.

In particular, if A < B as divisors, then |A| < |B|.
Consider an integral Q-Cartier Weil divisor D on X with h°(X, D) > 2.
We study the rational map defined by |D|, say

x 2p, pro(p)-1

which is not necessarily well-defined everywhere. By Hironaka’s big theorem,
we can take successive blow-ups 7 : Y — X such that:

(i) Y is smooth projective;

(ii) the movable part |M| of the linear system ||7*(D)]| is base point free
and, consequently, the rational map v := ®p o 7 is a morphism;

(iii) the support of the union of 7 *(D) and the exceptional divisors of 7 is
of simple normal crossings.

Let Y —55 ' =5 Z be the Stein factorization of v with Z = (YY) C
P (P)~1 We have the following commutative diagram.

y—L ¢
v

™ S
P

X 7

Case (fup). If dim(I') > 2, a general member S of |M] is a smooth
projective surface by Bertini’s theorem. We say that |D| is not composed
with a pencil of surfaces.

Case (fp). If dim(I') =1, i.e. dim®p(X) = 1, a general fiber S of f is
an irreducible smooth projective surface by Bertini’s theorem. We may write

M:za:SiEaS
i=1

where S; is a smooth fiber of f for all i. We say that |D| is composed
with a pencil of surfaces. It is clear that a > h%(D) — 1. Furthermore,
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a = h%(D) — 1 if and only if I & P!, and then we say that |D| is composed
with a rational pencil of surfaces. In particular, if ¢(X) = 0, then ' = P!
since g(I') < ¢(Y) = q¢(X) = 0. We can write

D[ = [nS'| + E,

where |S’| = |m.S| is an irreducible rational pencil, [nS’| is the movable part,
and F is the fixed part. And we collect a couple of basic facts about rational
pencils as follows.

Lemma 2.4.1. Keep the same notation as above. If |D| = |nS'| + E is
composed with a rational pencil of surfaces, then n = h°(D) — 1.

Lemma 2.4.2. If |D;| = |k1S1| + E1 and |Dsy| = |k2S2| + Es are composed
with rational pencils of surfaces and Dy < Dy, then |S1| = |Ss|.

Proof. Since Dy < Dy, we have Mov|D;| < Mov|Ds|. Hence |Si| < |k2Ss|.
Thus |S;| < |S2| by the irreducibility of |S;|. Then by h%(S;) = h%(Sy) = 2
and |5/, |Sz| are movable, we have |S;| = |Sa|. O

We say that |D| and |D’| are composed with the same pencil if |D| and
|D’| are composed with pencils and they define the same fibration structure
Y = 1T.

Define

L= (D) = 1, Case (fup);
a, Case (fp,).

Clearly, in both cases, M = 15 with ¢ > 1.

Definition 2.4.3. For both Case (f,,) and Case (f,), we call S a generic
irreducible element of |M|.

We may also define “a generic irreducible element” of a moving linear
system on any surface in the similar way:.

2.5 Reid’s Riemann—Roch formula

Let X be a 3-fold with at most Q-factorial terminal singularities. Denote by
rx or i(X) the Gorenstein index or local index of X, i.e. the Cartier index
of Kx. By Kawamata [Kaw88, Corollary 5.2], for arbitrary Weil divisor D
on X, i(X)D is a Cartier divisor.
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A basket B is a collection of pairs of integers (permitting weights), say
{(bi,r;) | i = 1,---,s;b; is coprime to r;}. For simplicity, we will alterna-
tively write a basket as follows, say

B =1{(1,2),(1,2),(2,5)} = {2 x (1,2),(2,5)}.

Let X be a 3-fold with Q-factorial terminal singularities. According to
Reid [Reid87], for a Weil divisor D on X,

1

X(D) = x(Ox) + 15 D(D ~ Kx)(2D ~ Kx) + 75(D - e2) + 3 colD),
Q

where the last sum runs over Reid’s basket of orbifold points. If the orbifold
point @ is of type %(1, —1,bg) and ig = ig(D) is the local index of divisor
D at @ (i.e. D ~igKx around @, 0 <ig < r), then

io—1 — —
io(ry —1) = Jjbglro — jbo)
D _
(D) 2rg ;0 2

Here the symbol * means the smallest residue mod rg and Zj;lo =0. We
can write Reid’s basket as By = {(bg,7g)}q. Note that we may assume
0 < bo < “2. And recall that rx =4(X) = l.c.m.{rg € Bx}.

Write

Xsing(D) := ZCQ(D) and
Q

Yeea(D) 1= x(Ox) + %D(D _ Ky)(2D — Kx) + %(D ).

2.5.1 Weak Q-Fano 3-folds

Let X be a weak Q-Fano 3-fold. For any positive integer m, the num-
ber P_,,(X) := h%(X,Ox(—mKx)) is called the m-th anti-plurigenus of X.
Clearly, since —Kx is nef and big, Kawamata—Viehweg vanishing theorem
[KaMaMag87, Theorem 1-2-5] implies

h(—mKx)=h(X,Kx — (m+1)Kx) =0

for all i > 0 and m > 0. In particular, x(Ox) = 1.
We make some remarks here on how to compute the term cq(D):
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(1) If D =nKx for n € Z, we take i =7 (mod r) and then
. i(r? = 1) = jb(r = jb)
co(nKx) = co(iKx) = T o + jgo o

(2) If D =tKx for t € Z*, then it is easy to see that

K tr* — 1) Z“ jblr — jb)
= — .
“Q(thx) 2 ~ o

(3) By Reid’s formula, Kawamata—Veihweg vanishing theorem and Serre
duality, we have, for any n > 0,

P ,(X)= —x(Ox((n+1)Kx))

_ %n(n 1)@+ 1)(=KY) + (2n+ 1) — I(—n)

where I(-=n) = l{(n +1) = >, >0, @ and the sum runs over
Reid’s basket of orbifold points

i . .
Bx ={(bj,r;) |i=1,--+,50<b < E;bi is coprime to r;}.
The above formula can be rewritten as:

1, 21
IERER P PR PR

m? b}, m m
P = Pognoyy = 5 (- K% +Z;) - 521)@- +2-A

where A™ = Zi(b"m(’;;“im) — bim(’;;bim)) for any m > 2.

2.5.2 Minimal 3-folds with K =0

Let X be a minimal 3-fold with Kx = 0. Note that for arbitrary nef and big
Weil divisor H, Kawamata—Viehweg vanishing theorem [KaMaMa87, Theo-
rem 1-2-5] implies

W(H) = hi(Kx + (H—Kx)) =0
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for all ¢« > 0. For a nef and big Weil divisor L and a Weil divisor T" = 0,
Reid’s formula gives

3
W(mL +T) = x(Ox) + = L" + =

(L . 02) + Z CQ(mL + T)

Q
We make some remarks on estimating this formula. Recall that by Miyaoka
[Miy87], ¢y is pseudo-effective and hence (L - ¢2) > 0 holds. Also Reid’s
formula or Kawamata [Kaw86, Theorem 2.4] gives

r2 —1
Q
= . 2.5.1
x(Ox) E 2 (2.5.1)
Q
We define ] )
. *r3 )
ML) = 6L +—12(L c2).

Note that A(L) is a numerical invariant of L. We can rewrite Reid’s formula
as following:

m> —m

Ro(mL +T) = x(Ox) +

L*+mA(L)+ Y co(mL+T).
Q

And we have the following lemma.

Lemma 2.5.1. i(X)\(L) € Z~¢. In particular, \(L) > i&).

Proof. For a singular point @ of type (b,7), note that the local index of
L+ iKx at @ runs over {0,1,--- r — 1} if so does i. Hence we have

r—1

> co(L+iKy)

1=0
_ §<_ i 1), e~ )
- 12r , 2r

=0 7=0
=D —1) | S J0(r — D)
B 24 " ; ;} 2r
=D 1) R s b — D)
- 24 + Z Z 2

7=0 i=75+1

(=D -1) — jb(r — jb)
- 24 +],:1(r L=0)=,



- 2 +“(k—1) o (k=r—17)
=) -) 1 Kb(r — kD)
= — 24 +§k1((7’—1—/€)+(/{7—1)) o
(=1 -1)  r—2 — kb(r — kb)
o 24 2 &~
=)0 =) =2 — )
24 2~ 2
B r2—1
Y

Hence by Reid’s formula,

i(X)—

Z (L+iKy)
Z ( OX —|—>\ +ZCQL+ZK)(>
Q

=0

= i(X)x(Ox) +i(X)NL) + > ( '(X)>
Q

rQ
— i(X)NL).

Hence i(X)A(L) € Z. On the other hand, A(L)> 0 since L is nef and big. [

2.6 Intersection numbers and a non-pencil cri-
terion

We have the following lemma for intersection numbers.

Lemma 2.6.1. Let X be a normal projective 3-fold with Q-factorial terminal
singularities. Recall that i(X) is the local index of X, i.e. the Cartier index
of Kx. Then for Weil divisors Dy, D, and D3 on X, (i(X)D;-Dy-Ds3) € Z.

In particular, if L is a nef and big Weil divisor on X, then L3 > &)

Proof. Recall that by Kawamata [Kaw88, Corollary 5.2], i(X)D; is Cartier.
Take a resolution of isolated singularities ¢ : W — X. We may write Ky =
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¢*(Kx)+ A where A is an exceptional effective Q-divisor over those isolated
terminal singularities on X. Denote by D! the strict transform of D; on W
for © = 1,2, 3. By intersection theory, we have

(Z(X)Dl . D2 . Dg)X
= (¢"(i(X)D1) - ¢"(D2) - Dy)w
= (¢"(i(X)Dy) - Dy - Dy)w
is an integer. ]

As a corollary, we give a criterion for a linear system not composing with
a pencil of surfaces by looking at its Hilbert polynomial.

Proposition 2.6.2. Let L be a nef and big Weil divisor. If
R°(mL) > i(X)L*m + 1
for some integer m, then |mL| is not composed with a pencil of surfaces.

Proof. Assume that [mL| is composed with a pencil of surfaces. Set D := mL
and keep the same notation as in Section 2.4. Then we have

mr*(L) > M = aS > (h°(mL) — 1)8S.

Note that by Lemma 2.6.1, i(X)7*(L)?- S is an integer. On the other hand,
7*(L)? - S is positive since 7*(L)|s is nef and big on S. Hence 7*(L)*- S >
ﬁ. Thus we have mL3 > (h°(mL) — 1)(n*(L)*- S) > Z.&)(hO(TrLL) —1), a
contradiction. O

2.7 Main reduction

We reduce the birationality and generic finiteness problems on a singular X
to that on its smooth model Y.

Lemma 2.7.1 (cf. [Chenll, Lemma 2.5]). Let W be a normal projective
variety on which there is an integral Weil Q-Cartier divisor D. Let h :
V. — W be any resolution of singularities. Assume that E is an effective
exceptional Q-divisor on V' with h*(D) + E a Cartier divisor on V. Then

h.Oy(h*(D) + E) = Oy (D)

where Ow (D) is the reflexive sheaf corresponding to the Weil divisor D.
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Lemma 2.7.2. Let X be a normal projective variety with Q-factorial termi-
nal singularities, D be a Weil divisor on X, and m :' Y — X be a resolu-
tion. Then @k 1 p| is birational (resp. generically finite) if and only if so is
Py xy -+ (D)1
Proof. Recall that

KY = W*(Kx) —|— Z?7r

where E is an effective Q-Cartier Q-divisor since X has at worst terminal
singularities. We have

Ky + [7(D)]
=1"(Kx)+ E+7(D)+ E
:7T*<Kx—|—D)+E7r+E

where E, + E is an effective Q-divisor on Y exceptional over X. Lemma
2.7.1 implies
W*Oy(KY + [’N*(D)—I) = Ox(KX + D)

Hence @k, p| is birational (resp. generically finite) if and only if so is
Py +[n (D) =
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Boundedness of anti-canonical
volumes of singular log Fano

threefolds

In this chapter, we investigate the boundedness of the anti-canonical volume
of an e-klt log Fano pair of dimension three. We will prove Theorem 1.1.7.

This chapter is organized as follows. In Section 3.1, we prove the reduc-
tion step to Mori fiber spaces (Theorem 1.1.11). In Section 3.2, we prove
generalized Ambro’s conjecture in dimension two (Theorem 1.1.16). In Sec-
tion 3.3, we prove Weak BAB Conjecture for Mori fiber spaces in dimension
three (Theorem 1.1.12). In Section 3.4, we prove the boundedness of log
Fano threefolds of fixed index (Corollary 1.1.8).

3.1 Reduction to Mori fiber spaces

In this section, we prove the reduction step to Mori fiber spaces (Theorem
1.1.11).

The “only if” direction is trivial, we only need to prove the “if” direction.

Fix 0 < € < 1, an integer n > 0. Let (X, A) be an eklt log Fano pair
of dimension n. By [BCHMI10, Corollary 1.4.3], taking terminalization of
(X, A) (or terminalization of X if Kx is Q-Cartier), we have 7 : X — X
where Kx, + Ax, = 7*(Kx + A), Ay, is an effective Q-divisor, X; is Q-
factorial terminal, and (Xi,Ax,) is e-klt. Here —(Kx, + Ax,) is nef and
big. By Kodaira’s lemma (cf. [KoMo098, Proposition 2.61]) there exist a Q-
divisor A; such that A; > Ay, —(Kx, +4;) is ample, and (X, A;) is e-klt.
In particular, X; is Q-factorial terminal and of e-Fano type.
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Running K-MMP on X3, we get a sequence of normal projective varieties:
Xi-2Xo--2X35-->-- - X, =T

Since —Kx, is big, this sequence ends up with a Mori fiber space X, — T’
(cf. [BCHM10, Corollary 1.3.3]). In particular, X, is Q-factorial terminal.

Being of e-Fano type is preserved by MMP according to the following
lemma.

Lemma 3.1.1 (cf. [GOST15, Lemma 3.1]). Let Y be a projective normal
variety and f 1Y — Z be a projective birational contraction.

(1) If Y is of e-Fano type, so is Z;
(2) Assume that f is small, then'Y is of e-Fano type if and only if so is Z.
In particular, minimal model program preserves e-Fano type.

Proof. The proof is almost the same as [GOST15, Lemma 3.1] where 0-
Fano type is considered. First we assume that Y is of e-Fano type, that is,
there exists an effective Q-divisor A on Y such that (Y, A) is e-klt log Fano
pair. Let H be a general effective ample divisor on Z and take a sufficiently
small rational number § > 0 such that —(Ky + A + §f*H) is ample and
(YA +6f*H) is e-klt. Then take a general effective ample Q-divisor A on
Y such that (Y,A+§f*H + A) is e-klt and

Ky + A+0f"H+ A~q0.
Then
Ky + fA+6H+ f A= f(Ky+A+6f"H+A) ~q0,
and

F(Ky+ fA+6H+ f.A) =Ky + A+ 6 H + A

Therefore, (Z, fuA + dH + f.A) is e-klt. Hence (Z, f.A + f.A) is e-klt and
—(Kz + f.A + f.A) ~q 0H is ample, that is, Z is of e-Fano type.

Next we assume that f is small and Z is of e-Fano type. Let I be an
effective Q-divisor on Z such that (Z,I") is e-klt log Fano pair. Let I'y be
the strict transform of I" on Y. Since f is small,

Ky +Ty = f*(Z +1).

Hence (Y, T'y) is e-klt and —(Ky + I'y) is nef and big. By Kodaira’s lemma,
there exist a Q-divisor I such that [V > I'y, —(Ky +1") is ample, and (Y, ")
is e-klt, that is, Y is of e-Fano type.

We proved the lemma. O
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By Lemma 3.1.1, for all ¢, X; is of e-Fano type. To compare the volumes
between these varieties, we have the following lemma.

Lemma 3.1.2. Let X; --+ X, 1 be one step of K-MMP. Then
Vol(-Kx,) < Vol(=Kx,,,).
Proof. Take a common resolution p: W — X;, ¢ : W — X, ;1. Then
P (Kx,) = ¢ (Kx,,) + F.
where F is an effective g-exceptional Q-divisor. Hence
Vol(—Kx,) = Vol(—p*(Kx,))
q

= Vol(—¢*(Kx,,,) — E)

(=
< Vol(—¢"(Kx;,,))
(=

q
= Vol(—Kx,,,)-

We proved the lemma. O

Therefore we can compare the volumes on X and X, by Lemma 3.1.2:

(—(KEx +A))" = (=(Kx, + Ax,))"
= Vol(—(Kyx, + Ax,))
< Vol(—Ky,)
< Vol(—Ky,).

Now X, is an n-dimensional e-Fano type variety with a Mori fiber struc-
ture by construction. Assuming Weak BAB Conjecture for Mori fiber spaces,
there exists M (n, €) such that

Vol(—Kx,) < M(n,e).

Hence
(—(Kx +A))" < M(n,e).

Moreover, if Kx is QQ-Cartier, then since we take X; as the terminalization
of X, we have Kx, + F' = 7" Kx with F' an effective Q-divisor. Hence

Vol(—Kx) < Vol(—Kx,) < Vol(—=Kx,) < M(n,e).

We complete the proof of Theorem 1.1.11.
As a direct corollary, we recover the main result in [Jiangl3] on Weak
BAB Conjecture in dimension two.
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Corollary 3.1.3. Fiz 0 <e < 1.
Then there exists a number

M(2,¢) := maX{Q, |2/€] +4+ ﬁ}

with the following property:
If (X, A) is an e-klt log del Pezzo pair, then

(KX + A)2 S M(Qa 6)'
Further, if Kx is Q-Cartier, then
Vol(—Kx) < M(2,¢).

Proof. By Theorem 1.1.11, we only need to consider the cases when X = P?
or IF,, with n < 2/e (see [AMO04, Lemma 1.4] or [Jiangl3, Lemma 3.1]). And
the result follows by volume computation directly. O

3.2 Generalized Ambro’s conjecture in dimen-
sion two

In this section, we prove generalized Ambro’s conjecture in dimension two
(Theorem 1.1.16).

Fix an e-klt weak log del Pezzo pair (S, B) with S smooth and a Q-divisor
G ~qg —(Ks+ B) such that G+ B > 0. Set a := glct(S, B; G). Since we work
on Q-divisors, a is a positive rational number. The problem is to bound a
from below. We may assume that a < 1. Set D = G+ B > 0. Then
(S, B +aG) = (S, (1 —a)B+ aD) is not klt. Note that D ~g —Kg.

By Base Point Free Theorem (cf. [KoMo098, Theorem 3.3]), —(Kg+ B) is
semi-ample. Hence there exists an effective Q-divisor M such that Ks+ B +
M ~g 0 and (S, B + M) is e-klt. For any birational morphism f : S — T
between smooth surfaces, we have

Ks+ B+ M = f*(Kr + f.B + f.M),
Ks4+ (1 —a)(B+M)+aD = f*(Kr+ (1 —a)(f.B + f.M) + af.D).

Hence (T, f.B+ f.M) is e-klt and (T, (1 —a)(f. B+ f.M)+af.D) is not klt
with

Kr+ f.B+ f.M ~qo Kr + (1 —a)(f,B+ f.M) +af.D ~q 0.
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Recall that either S ~ P? or there exists a birational morphism ¢ : S — T,
with n < 2/e by [AM04, Lemma 1.4] or [Jiangl3, Lemma 3.1].

Hence by replacing S by T' = P? or F,,, we may assume that there exists
a triple (T, By, Dr) satisfying the following conditions:

(i) T=P%or F, with n < 2/¢;
(ii

) Br, Dr are effective Q-divisors on T’
(iii) (7T, Br) is e-klt and (T, (1 — a) By + aDr7) is not klt;
)

(iv) Kr+ By ~q K7+ (1 —a)Br +aDr ~q 0, equivalently, Br ~qg Dr ~q
—Kr.

Since (T, (1 — a)Br + aDr) is not klt, we may take a sequence of point
blow-ups
Ty =T — =T, =T =T

where T;,1 — T; is the blow-up at a non-klt center P; € Nklt(7;, (1 — a)B; +
aD;+E;) where B; and D; are the strict transforms of By and Dy respectively
and

KTz’ —|— (]_ — CL)BZ —f- CLDZ‘ + EZ = W:(KT + (1 — CL)BT —I— (IDT>,

where m; : T; — T is the composition map and E; is a m;-exceptional Q-
divisor. We stop this process at T, if

dim Nklt(Tr+1, (1 — CL)BT+1 + CLDT+1 + ET_A,_l) > 0.

Since P; is a non-klt center of (7}, (1—a) B;+aD;+E;), multp,((1—a) B;4+aD;+
E;) > 1. Note that the coefficients of Ej are (multp, ((1—a)B;+aD;+E;)—1)
for j < i, hence F; is effective for all 7. Furthermore, we may assume that
multp, B; is non-increasing. Take the integer k& < r such that multp, B; > €/2
for i < k and multp,B; < €¢/2 for i > k. Write By = Zj b;B? and B; =
> b; B! by components. We have b; < 1 — ¢ since (T, Br) is e-klt. Recall
that Zj b; <4 by Lemma 2.2.2.

Claim 1. If multg;(aD7) > €/2 for some j, then a > €*/(4 + 4e).

Proof. Recall that T'=P? or F,, with n < 2/e.

If T = P2, then multg; Dr < 3 be degree counting. If T'=TF,, and B’ is a
fiber, then multg; Dy < n+2 < 2/e+ 2 by Lemma 2.2.1. If T = F,, and B’
is not a fiber, then multg; Dy < Dy - f = 2 where f is a fiber. Hence

62

> > .
T 2multg; Dy T 4+ 4e

a

We proved the claim. O
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Since we need a lower bound of a, from now on, we may assume that
multp; (aDr) < €/2 for all j. In particular, mult 5;(aD;) < €/2 and

multh((l —a)B;+aD;) <1—¢/2
for all 7 and j.
Claim 2. (B],,)* > —4/e for all j.
Proof. 1f (B],,)? < 0, then

—-2< 2 (Bl]e—&-l) 2= (KTk+1 + Bk+1) Bi+1

= 5Bl + (K, + (1= 5)BL,) - Bl
< 5Bl + (Kn,, + (1= @)Bus + Dt + Ein) - B,
= 5Bl <.
Hence we proved the claim. O

Now we can bound the number k. On T}, we have
Bk+1 Zb Bk+1 2 Zb2 k:+1 2 (Z b?)(_
J
> <Z )1~ O)(—4/e) > 16— =
. €
J

and (By)* = (K7)* <9. On the other hand, at each blow-up, (B;)? decreases
by at least €2/4 by the assumption multp, B; > ¢/2 for i < k. Hence

L2 9= (16-16/0) _ 61
- €2/4 - e

Now we consider 7}, ,(aDr) on Tj;.
Claim 3. There exists a point Q on Tyy1 such that multgny (aDy) > €/4.

Proof. Consider the pair (Tj41, (1 —a)Bgi1+aDygy1+ Exy1). Note that Eyyq
is simple normal crossing supported.

Assume that there exists a curve E with coefficient at least 1 — 3¢/4 in
Ek+1, that iS,

multg (K, , — 7y (Kr + (1 —a)Br +aDr)) < —1+ 3¢/4.
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On the other hand, since (7', (1 — a)Br) is e-klt,
multg(Kr,,, — 7o (Kp + (1 —a)Br)) > =1+

Hence mult g7y, , (aDr) > €/4.

If all coefficients of Fj,q are smaller than 1 — 3e/4, then k < r and Py
is a non-klt center of (Tjy1,(1 —a)Bgsr1 + aDyyq + Ejy1). By Lemma 2.3.4,
multp, , ((1 — a)Byy1 + aDyy1) > 3e/4. Then multp,,, (aDyy1) > €/4 since
multp,  Bry1 < €/2 by assumption. In particular, multp,, 7 (aDyp) >
multp,, (aDyy1) > €/4.

We proved the claim. O

Now we will estimate multg, (aDr) where @, is the image of Q on T'. By
removing unnecessary blow-ups, we may assume that we have a sequence of
blow-ups

Ty =Ty — - =Ty =T =T
where f;11 : Tjx1 — T; is the blow-up at @); which is the image of @) on T;
with k& < 64/€3. Recall that 7; : T; — T is the composition map and D; is
the strict transform of Dy on T;. Denote C;y; to be the exceptional divisor
of fi+1 and C’Z-"Jr1 be its strict transform on T} for j > 7+ 1. We can write

W;(CLDT) = aDj + Z Cicija

2<i<j
with ¢; = multg, 77 (aDr).

Claim 4. If multg, (aDr) < «, then multg,m}(aDr) < (Fip1 — 1)a for 1 <
1 < k+ 1. HereF,, is the Fibonacci number with relation F,, = F,,_1 + F,,_2
foralln > 2 and Fg =F; = 1.

Proof. We run induction on i. The case ¢ = 1 is trivial. Assume the con-
clusion holds for ¢ < j, then noting that @); is contained in at most two
exceptional curves, we have

multg, 7} (aDr) = multg, (aD; + Z ¢;C7)

2<i<;

< multg,(aD;) + (F; — a+ (F;o1 — 1)a
< multg, (aDy) + (F; — a+ (Fj-1 — 1a
< (Fj31 — 1a.

We proved the claim. O
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By Claims 3 and 4, multg, (aDr) > €/(4F;42 —4). Recall that Dy ~q
—K7 and T = P? or F,, with n < 2/e. By Lemma 2.2.2, multg, (Dr) < n+4,
combining with the inequality k < 64 /€3, we have

62

a > ,
B (2 + 46) (4FL64/63J+2 — 4)

and hence we may take this number to be p(2, €).
We have proved Theorem 1.1.16.

3.3 Weak BAB Conjecture for Mori fiber spaces
in dimension three

In this section, we prove Weak BAB Conjecture for Mori fiber spaces in
dimension 3 (Theorem 1.1.12). Recall that by a Mori fiber space we always
mean a Q-factorial terminal one.

Fix 0 < € < 1 and consider an e-klt log Fano pair (X, A) of dimension 3
with a Mori fiber structure. As explained, there are three cases:

(1) X is a Q-factorial terminal Q-Fano 3-folds with p = 1;
(2) X — P! is a del Pezzo fibration;
(3) X — S is a conic bundle.

As mentioned before, Case (1) is done by Kawamata [Kaw92a]. We treat
Cases (2) and (3) in the following two subsections.

3.3.1 Contractions to a curve

In this subsection, we treat the case under a more general setting when there
is a contraction f: X — P! (e.g. X has a del Pezzo fibration structure).

Theorem 3.3.1. Let (Y, B) be an e-klt log Fano pair of dimension n with a
contraction g : Y — P! and Y having terminal singularities. Assume that
Weak BAB Conjecture and generalized Ambro’s conjecture hold in dimension

n—1 with M(n—1,€) and p(n—1, €) the numbers defined in these conjectures.

Then
2nM(n — 1,¢€)

,LL(TZ -1, 6)

Vol(—Ky) <
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Proof. Note that Y is terminal by assumption. Hence a general fiber F' of
g is terminal and of e-Fano type of dimension n — 1 by adjunction formula.
In particular, Kr is Q-Cartier. It follows that Vol(—Kr) < M(n — 1,¢) by
Weak BAB Conjecture in dimension n — 1.

Fix a rational number s satisfying

VOI(—Ky) 1 VO](—Ky)

nM(n—1¢ A ° nM(n —1,¢)

for sufficiently large number A. To bound Vol(— Ky ) from above, it is suffi-
cient to bound s from above. And we may assume that s > 2.
The following lemma allows us to construct non-klt centers.

Claim 5. For a general fiber F' of g, — Ky — sF' is Q-effective. In particular,
there exists an effective Q-divisor Bp ~q —%Ky such that F is a non-klt
center of (Y, Br).

Proof. For a positive integer p and a sufficiently divisible positive integer m,
we have exact sequence

0 = Oy (—mKy—pF) = Oy (—mKy—(p—1)F) = Op(—mKy—(p—1)F) — 0.
Note that Op(—mKy — (p — 1)F) = Op(—mKFp). Hence
WY, Oy (=mKy—pF)) > h°(Y, Oy (=mKy—(p—1)F))=h"(F, Op(=mKF)).
Inductively, we have

WY, Oy (—=mKy — pF)) > h°(Y, Oy (=mKy)) — ph®(F, Op(—mKFp)).

We may take p = sm since m is sufficiently divisible. By the definition of
volume, we have

hO(Y, Oy(—me)) - Smh0<F, OF(—mKF))

lim sup

m—00 mn
_ Lvol-k Y _Vol(—Kp) > 0
_E O(— Y)—m O(— F)>

Hence h°(Y,Oy(—mKy — smF)) > 0 for m sufficiently divisible, that is,
— Ky — sF is Q-effective. In particular, there exists an effective Q-divisor
Br ~q —%Ky such that B — F > 0, and hence F' is a non-klt center of
(Y, Bp).

We proved the claim. O
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Now for two general fibers F} and Fj, consider B' = Bp + Bp,. By
construction, Fy U F, C Nklt(Y, (1 — 2)B + B’). Note that

(K + (1= 2B+ B) g (1= 2)(Ky + B)

is ample, by Connectedness Lemma, Nklt(Y, (1 — 2)B + B’) is connected.
Hence there is a non-klt center W C NkIt(Y, (1 — 2)B + B’) connecting F;
and F,. In particular, W dominates P'. Restricting on a general fiber F', by
adjunction formula, we have (F, B|r) is e-klt log Fano with F' terminal and
(F,(1—2)B|p + B'|r) is not kIt (see [KoM098, Lemma 5.17, Lemma 5.50])
with B/|F ~Q —%KF. Hence

2 s

To bound s from above, generalized Ambro’s conjecture arises naturally. By
generalized Ambro’s conjecture in dimension n — 1,

<2
~pn—1€)
and hence
Vol(—Ky) < 2nM(n —1,€)
M(n -1, 6)
We completed the proof. O

In particular, by Corollary 3.1.3 and Theorem 1.1.16, Weak BAB Con-
jecture and generalized Ambro’s conjecture hold in dimension 2, and hence
the following corollary holds.

Corollary 3.3.2. Let (X,A) be an e-klt log Fano pair of dimension 3 with
a contraction f: X — P and X having terminal singularities. Then

B 6M(2,¢)
VOI( Kx) S —’u(276) .

3.3.2 Conic bundles

In this subsection, we treat the case that X has a conic bundle structure
f X — S. Firstly we collect some facts about singularities of the surface

S.

Theorem 3.3.3. Let (X, A) be an e-klt log Fano pair of dimension 3 and
f:X — 8 be a Mori fiber space to a surface S, then
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(i) S has only Du Val singularities of type A;

(11) There exists an effective Q-divisor Ag on S, such that (S, Ag) is kit log
del Pezzo;

(i1i) S is a Mori dream space;

(iv) There exists an effective Q-divisor Ay on S, such that (S, Ay) is 0(¢)-
kit and Kg + Ay ~qg 0, where §(€) is a positive real number depending
only on €;

(v) The family of such S is bounded, in particular, the Picard number of
minimal resolution of S is bounded by 128/5(€)”.

(vi) S is N(€)-factorial, i.e. for a Weil divisor D on S, N(e)D is Cartier,
where N (€) is a positive integer depending only on €.

Proof. (i) is by [MPO08, (1.2.7) Theorem]. (ii) is by [FG12, Corollary 3.3].
(iii) is by (ii) and [BCHM10, Corollary 1.3.2]. (iv) is by [Birl4, Corollary
1.7] since we may find a boundary A’ > A such that (X,A’) is eklt and
Kx 4+ A" ~g 0. (v) is by (iv), [Ale94a, Theorem 6.8], and [AM04, Theorem
1.8]. (vi) is a direct consequence of (i) and (v). O

For the definition and properties of Mori dream spaces we refer to the
famous paper by Hu-Keel [HK00]. We will use the following property of
Mori dream spaces: every nef divisor on §'is semi-ample and there are finitely
many irreducible curves with negative self intersection. In particular, a curve
through a general point is nef. By a curve we always mean an irreducible
reduced one.

If there is a curve C on S satisfying (C)? = 0, then C' is semi-ample. In
particular, a multiple of C' induces a contraction S — P! and we are done by
Subsection 3.3.1. Hence we may assume that there does not exist such curve
C on S satisfying (C)? = 0.

Fix a positive rational number ¢ satisfying

VOI(-K)() 1 2 VOI(—KX)
21 U Y

for sufficiently large number A. To bound Vol(—Kx) from above, it is suffi-
cient to bound t from above. And we may assume that ¢t > 768N (¢€)/e.

Lemma 3.3.4. For a general fiber F' of f,
RY(X, Ox(—mKx) @ TH#™) > 0

for m sufficiently divisible, where Ly s the ideal sheaf of F'. In particular,
there exists an effective Q-divisor Ap ~q —%KX such that multpAp > 2.
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Proof. For a positive integer p and a sufficiently divisible positive integer m,
we have exact sequence

0 = Ox(—mKx)®Th — Ox(—mKx)2Ih " — Ox(—mKx)@Th ' JTh — 0.

Note that Z¢7'/IV = SP~Y(Zp/T%) (see [Har77, II. Theorem 8.24]) and
Ir/T%: = OF?. Hence

(X, Ox(—mKx)®T%) > (X, Ox(—mKx)RTh ) —ph’(F, Op(—mKp)).
Inductively, we have

RO(X, Ox (—mKx)®T8) > hO(X, ox(—mKX))—@hO(F, Op(—mIKp)).

We may take p = 2tm since m is sufficiently divisible. By the definition of
volume, we have

0 _ (942002 0 B
i sup PO Ox (=mEx)) = (28m + tm)*(F, Or(=mK))

m—00 m3

1
= 6Vol(—KX) — 2t*Vol(—Kr) > 0.

Note that F' ~ P! and Vol(—Kr) = 2. Hence h°(X, Ox(—mKx)QZ#™) >0
for m sufficiently divisible. In particular, there exists an effective Q-divisor
Ap ~g —3Kx such that multpAp > 2. O

A prime divisor V on X is wvertical if f(V) is a curve or V' does not
dominate S. Note that for a curve C on S passing through a general point,
there is only one vertical prime divisor contained in f~!(C') and we denote it
by Ve. It is easy to see that f*C' = Vi as Weil divisors is well defined (since
removing finitely many points of S, f is flat). For a general point P € S,
denote Fp be the fiber at P.

We can modify the Q-divisor Ag to control vertical divisors by the fol-
lowing lemma.

Lemma 3.3.5. For a general point P € S, there exist an effective Q-divisor
Bp ~qg —"FKx for some ap < 384N (€)/e such that

(i) multp, Bp > 2, and

(i1) For any curve C' passing through P, multy,Bp < ¢/2.
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Proof. Write Ap, = Ag+> . b;Ve, where Ay does not contain vertical divisors
passing through Fp and C; is a curve passing through P. If b; < ¢/2 for all
i, then we can take Bp = Ap, with ap = 1.
Now we assume that b; > ¢/2. Note that by assumption, (C})?

and N (e)C; is Cartier. So N(e)C is a nef and big Cartier divisor. Hence
by Kolldr’s Effective Base Point Free Theorem (see [Kol93, 1.1 Theorem)]),
|96N (¢)C1 | is base point free. It follows that |96V (e)C}| defines a generically
finite map @ : S — P(|]96N (¢)C}]). Since P € C}, P is not on the contracted
curves of ®. Hence by taking the pull back of general hyperplanes passing
through ®(P), we can write 96N (€)Cy ~q >_; hjH; with 96N (€)Cy ~ H; a
general curve passing through P, 0 < h; < ¢/4 for all j, and >, h; = 1.
For 7 > 1, since C; is semi-ample, we may take C; ~g D; such that D; is an
effective Q-divisor on S passing through a general point but not containing
P. Now define

Bp = 192N ( beD)mthHNQ—mb]i()Kx,
i>1

and we can take ap = 192N (€)/b; < 384N (€)/e. Note that

multp, Bp > multp(2) hiH;) > 2.
J
And by construction, for every curve C passing through P, if C' = H; for
some j, then multy, Bp = 2h; < €/2; otherwise multy,Bp = 0.
Hence we proved the lemma. O

Take two general points P, and P, on S. For simplicity, for ¢ = 1,2, we
denote Fp, = F}, ap, = a;, and Bp, = B;. Note that by construction,

F, C NKIt(X, B).

Case 1. There exists a non-klt center E of dimension 2 of (X, B;) con-
taining F; for some ¢ = 1 or 2.
In this case,
multg(B;) > 1.

By construction of B;, E is not vertical. Restricting on a general fiber F' of

f, we have
2(11'

t

:—%KX-F:Bi-FZE-le-

Hence

768N ()

€

t§2ai§
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Case 2. F; is a maximal non-klt center of (X, B;) for i = 1 and 2.

Since Pj is a general point, we may assume F; ¢ Supp(A + Bs). Hence
F is a maximal non-klt center of (X, (1 — “+2)A + By 4+ B;) and F; is a
non-klt center. Note that

a; + as a1 + ao

—(Kx + (1 - JA + By + By) ~g —(1 — )(Kx +A)

is ample by the assumption ¢ > 768N (e)/e. By Connectedness Lemma,
Nklt(X, (1 — @592)A + By + By) is connected. Hence there is a non-klt
center W intersecting with F}. Hence we have

ap + as

If dim W = 2, since (X, (1 — “F2)A) is e-klt,

multw<<1 — ali—@)A) <1l-—e

Hence
multw(31 + Bg) Z €.

Since F1 ¢ W by the maximality of Fy, W is not vertical. Restricting on a
general fiber F' of f, we have

2
M:—@KX~F:(31+BQ)~F26W~F26.

Hence
2((11 + CLQ) < 1536N(€)

t < 5

€ €

If dimW = 1, then since P; is general, we may assume that for each
point @@ € Fy N Supp(A + Bs), @ is not contained in the singular locus
of Supp(A + Bsy). This is because the singular locus of Supp(A + By) has
dimension at most 1 and hence does not dominate S. Now if W C SuppA,
then W is contained in exactly one component of A since SuppA is smooth
at points in F; N W. Since (X, A) is e-klt, the coefficients of A is smaller
than 1 — €. Hence

multyy A <1 —e.

Of course this inequality also holds if W ¢ SuppA. So we have
multw(31 + Bg) Z €.

Note that to compute the intersection number (B; + By) - F' for some fiber F
by multyy (B1+ B,), it is necessary to avoid Vi in By + B,. Denote Vi) by
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V. By construction of By, multy By < €/2. On the other hand, multy By = 0
since Fy ¢ SuppBy but F; C V. We can write By + By = B + AV where
the support of B does not contain V. Then A < €/2. It is easy to see that
multy, V' = 1 and hence

mlllth = multW(31 + BQ) - A Z

DN

Restricting on a fiber F of f at a general point of f(W), we have

2
<a12_a2):—al;';chX'F:(B1+BQ)'F:B-FZ6

DO |

Hence
4((11 + CLQ) < 3072N(€)

t < 5

€ €
In summary, we have

t <

4(ay + az) < 3072N (e)
€ - e

and hence
24 - 30722N (¢)?
1 )

VOI(—Kx) <

€
We have completed the proof of Theorem 1.1.12.

3.4 Boundedness of log Fano threefolds of fixed
index

In this section, we prove the boundedness of log Fano threefolds of fixed index
(Corollary 1.1.8). Corollary 1.1.8 follows directly by Theorem 1.1.7 and the
following more general theorem which might be well known to experts.

Theorem 3.4.1. Fix positive integers r and n. Assume Weak BAB Conjec-
ture holds in dimension n.

Let D be the set of all normal projective varieties X, where dim X = n,
Kx is Q-Cartier, and there ezists an effective Q-divisor A such that (X, A)
is kit and —r(Kx + A) is Cartier and ample.

Then D forms a bounded family.

Proof. Consider a klt log Fano pair (X, A) of dimension n such that Ky is
Q-Cartier and —r(Kx + A) is Cartier.

Note that (X,A) is e-klt with e = 1/2r by the assumption. It follows
that (—(Kx + A))" < M(n,e) by Weak BAB Conjecture in dimension 7.
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Since —r(Kx + A) is Cartier and ample, by Kollar’s Effective Base Point
Free Theorem [Kol93, 1.1 Theorem, 1.2 Lemma|, G := —Nr(Kx + A) is very
ample for N = 2n - (n + 3)!.

Note that (Kx + G) - C > 0 for all curves C satisfying Ky - C > —2n.
Hence by Cone Theorem (see [KoMo098, Theorem 3.7]), Kx + G is nef.

Now we can bound G™ and | — Kx - G"™!| from above. Clearly G" <
N"™r"M(n,€) by definition and —Kx - G"! > 0 since —K is big. On the
other hand,

_ KX A Gn—l
= (Kx+G) -G+ G-GY
< N"r"M(n,€).

Hence G™ and | — Kx -G™"™!| are bounded from above. By [KoMa83], the coef-
ficients of the Hilbert polynomial P(t) = x(X, O(tG)) is bounded and hence
there are only finitely many Hilbert polynomials for the polarized variety
(X, G). And hence X is in a bounded family.

We complete the proof. O
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On the anti-canonical geometry
of Q-Fano threefolds

In this chapter, we investigate (weak) Q-Fano 3-folds. We will prove Theo-
rems 1.2.9, 1.2.11, 1.2.13, 1.2.14, and 1.2.15.

This chapter is organized as follows. In Section 4.1, we give an explicit
bound of Gorenstein indices of weak Q-Fano 3-folds. In Section 4.2, we
consider Problem 1.2.8 on Q-Fano 3-folds. We generalize a result of Alexeev
and reduce the problem to the numerical behavior of anti-plurigenera, then
we apply a method developed by J. A. Chen and M. Chen to analyze the
possible weighted baskets. Section 4.3 is devoted to proving Theorem 1.2.14
for weak Q-Fano 3-folds. We reduce the problem to the numerical behavior
of Hilbert polynomials and use Reid’s formula to estimate the lower bound of
Hilbert polynomials. Finally we study the birationality and generic finiteness
in Section 4.4. We give an effective criterion for the birationality (resp.
generic finiteness) of ¢_,,,. As applications, we prove Theorems 1.2.11 and
1.2.15.

4.1 Upper bound of Gorenstein indices

The following fact might be known to experts. We will apply it in our
argument.

Proposition 4.1.1. Let X be a weak Q-Fano 3-fold. Then either rx = 840
orry <660. !

IThis means that the Gorenstein index of a weak Q-Fano 3-fold is bounded from above
by 840. Among known Q-Fano 3-folds, the maximal Gorenstein index is 420. For example,
so is the general weighted hypersurface X9 C P(1,3,4,5,7) (cf. [IF00, List 16.6, No.40]).
We do not know if this bound is optimal.
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Proof. Write Reid’s basket
Bx ={(bj,r;) |i=1,--+,50<b < %;bi is coprime to r;}.

Then, by definition, ry = lecm.{r; |t =1,--- s}
By [KMMTO00], we know that (—Kx-co(X)) > 0. Therefore Reid [Reid87,
10.3] gives the inequality

1
> (ri— =) <24 (4.1.1)
. T
Now for the sequence R = (r;);, we define a new set P = {s;}; as
following: if we factor r; by primes such that r; = p{*ps* - - pi*", then we
take P = {p;” }1<j<i- Roughly speaking, we split r; by its prime factors. It

is easy to show that if a,b > 1 and coprime, then

1 1 1
> a—=-4b—>42 1.
ab e a—l—b b—|—2 (4.1.2)
S0
S s— )<Y - ) <2 (4.1.3)
J Sj - ;T

And we also have lL.c.m.(s;); = L.c.m.(r;); = rx. So the problem is reduced
to treat the sequence (s;); instead. Clearly, for each i,

s; €{2,3,4,5,7,8,9,11,13,16, 17, 19}.

Now we may assume that ry > 660.

Denote by s; the largest value in P, by ss the second largest value, by
s3, S4 the third, the forth, and so on. For instance, if P = {2,3,4,5}, then
51 =9, 55 =4, s3 = 3, and s4 = 2. If the value s; does not exist by definition,
then we set s; = 1. In the previous example, we have s; = 1.

Since l.c.m.(2,3,4,5,7) = 420 and l.c.m.(2,3,4,5,7,8) = 840, if s; < 8§,
then 3,5,7,8 € P. In this case P = {3,5,7,8} or {2,3,5,7,8} by inequality
(4.1.3) and R = (3,5,7,8) or (2,3,5,7,8) by inequality (4.1.2). In a word,
rx = 840.

If s; > 16, then
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Then s, < 8. Also sy > 5 since, otherwise, l.e.m.(2,3,4,51) < 228 < ry (a
contradiction). Hence

1 11
- )< 34— -
(s Pk AT

§>2

So s3 < 3, but 2 and 3 can not be in P simultaneously. Then l.c.m.(s;); <
3 x 8 x 19 < rx, a contradiction.

If s; = 13, then sy > 5 since, otherwise, l.c.m.(2,3,4,s1) = 1251 < rx (a
contradiction). Then

Z(s-—l)<11—52+i+l.
2 / Sj - 13 S9

If s = 11, then s; = 1 for any j > 2 and rx = 11 x 13, a contradiction.
If s =9, then s3 < 2 and Lem.(s;); < 2 x 9 x 13 < rx, a contradiction.
If s = 8, then s3 < 3, but 2 and 3 can not be in P simultaneously. So
lem.(s;); <3 x8x 13 < ry, a contradiction. If sy = 7, then s3 < 4, but
3 and 4 can not be in P simultaneously. So Lem.(s;); <6 x 7 x 13 < ry,
a contradiction. If s =5, then 3 and 4 can not be in P simultaneously. So
lem.(s;); <6 x5 x 13 < ry, a contradiction.

If s; = 11, then 9 > sy > 7 since, otherwise, l.c.m.(2,3,4,5,s1) = 60s; <
rx (a contradiction). Then

Z(S._l) <6_|_i_|_l
D T 17
7j>2

Hence s3 < 5. If s3 =5, then s; = 1 for any j > 3 and Lem.(s;); <5 x 9 x
11 < rx, a contradiction. If s3 = 4, then s, < 2 and Le.m.(s;); <4x9x11 <
rx, a contradiction. If s3 < 3, then Lem.(s;); < 2x3x9x 11 < rx, a
contradiction.

If s; =9, then 8 > sy > 7 since, otherwise, l.c.m.(2,3,4,5,9) = 180 < ry
(a contradiction). Consider firstly the case sy = 8. We have

1 1 1
(sj——)<T+-+<.

2 Sj 9 8
If s3 =7, then s; =1 for any j > 3 and Lem.(s;); < 7x8x9 < ry, a

contradiction. If s3 < 5, then Lem.(s;); < lem(2,3,4,5,8,9) = 360 < ry, a
contradiction. Next we consider the case s, = 7. Then

S (s - 4) <84 =42
J Sj - 9 7
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If s3 =5, then s4 < 3 and l.em.(s;); <2 x5 x7x9 <rx, a contradiction.
If s3 <4, then Lem.(s;); <4 x7x9 < ry, a contradiction. So we conclude
the statement.

From the proof we also know that ry = 840 only happens when R =
(3,5,7,8) or (2,3,5,7.8). 0

4.2 When is | — mKx| not composed with a
pencil (Part I)?

The most important part of this chapter is to find a minimal positive integer
m so that | — mKx| is not composed with a pencil of surfaces. For the
convenience of expression, we fix our notations first.

Definition 4.2.1. Let X be a weak Q-Fano 3-fold. For any 0 < i < 2, define
6;(X) :=min{m € Z* | dim ¢_,,,(X) > i}.

We will mainly treat Q-Fano 3-folds in this section.

4.2.1 Two key theorems

We prove two theorems here which are crucial in proving Theorem 1.2.9.

Theorem 4.2.2. Let X be a Q-Fano 3-fold with the basket B of singularities.
Fix a positive integer m such that P_,, > 0. Assume that, for each pair

(b,r) € B, one of the following conditions is satisfied:
(1) m=0,£1 mod r;
(2) m= -2 modr and b= |%];
(3) m=2 modr and 3b > r;
(4) m =3 mod r and 4b > r;
(5) m=4 mod r, b(r —b) > 4b(r — 4b), and

b(r — b) + 2b(r — 2b) > 3b(r — 3b) + 4b(r — 4b).

Then one of the following holds:

(I) P_,, =1 and —mKx ~ E is a fized prime divisor;
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(II) P_,, =2, | — mKx| does not have fixed part and is composed with an
wrreducible rational pencil of surfaces;

(III) P_,, > 3, | — mKx| does not have fized part and is not composed with
a pencil of surfaces.

Proof. We generalize the argument of Alexeev [Ale94b, 2.18] where the case
m = 1 is treated.

Assume that none of the conclusions holds, then there exists a strictly
effective divisor E such that —mKyx — E is strictly effective and

Ro(—mKx) — h°(—mKx — E) — h°(E) + h°(Ox) = 0.

In fact, if P_,, =1 and —mKx ~ D is not a prime divisor, then we take
E to be one irreducible component of D; if P_,, > 2 and | — mK x| has fixed
part, then we take E to be one component in the fixed part; if P_,, > 3,
| — mK x| does not have fixed part and is composed with a (rational) pencil
of surfaces, then | — mKx| = |nS| with n > 2 and we can take F = S.

By Kawamata—Viehweg vanishing theorem and p(X) = 1, all higher coho-
mologies vanish for Ox(—mKx), Ox(—mKx — E), Ox(FE), and Ox. Hence

AA (—mKx,—-mKx — E,E,0) =0,
where the double difference of a function f is defined by
AA¢(a,a —d,b,b—d) = f(a) — fla—d) — f(b) + f(b—d).
Then we have
AA, veg(—mKx, —mKx —E, E,0)+AA, ging(—mKx,—mKx—E,E,0) = 0.

It is clear to see that

1
AA, oy (—mKy, —mKx — E, E,0) = %(—KX)(—mKX —E)E >0,

since £ and —mKy — E are ample by our construction and p(X) = 1. To
get a contradiction, it is sufficient to show that

AAx,sing(_mKXa —mKX — E, E, 0) 2 0

under the assumption of this theorem. Thus it amounts to show that, for
every single point Q = (b,r) € B,

co(—mKx) —cg(—mKx — E) — co(E) > 0. (4.2.1)
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Set F(z) := @ for any integer x and [ := m. We may assume that
the local index of F at Q is i (0 <i <r).
Then

co(—mKx) — co(—mKx — E) — co(E)
2r—i—1

_ (_ (2r —D(r*—1) N Z F(jb))

12r
7=0

7=0
2r—I—1 2r—l—i—1 i—1
= ) F(jb) - F(jb) = > F(jb)
7=0 7=0 7=0
2r—I—1 i—1
= Y F(jb) - > _F(jb)
j=2r—I—i 7=0
I+1 i—1
= > F(jb) =) F(jb)
j=l+1 J=0
I+1 l
= > F(jb) = ) F(jb)
j=i j=0
l !
= ) F(ib+jb) - > F(jb). (4.2.2)
j=0 j=0

Then to prove inequality (4.2.1), it suffices to prove that

l l

G(z) =Y F(z+jb)—> F(jb) >0

J=0 J=0

for arbitrary integer x.

Note that G(x) is a periodic piecewisely quadratic function with negative
leading coefficients. Hence the minimal value can only be reached at end
points of each piece. It is easy to see that the set of end points is {nr — jb |
ne€Zj=0,1,...,1}. Hence G(z) > 0 is equivalent to G(—jb) > 0 for all
j=0,1,...,1. Note that G(0) = G(—Ib) = 0.

If m=0,1 mod r, there is nothing to prove.
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If m = 2 mod r, then G(—b) = F(b) — F(2b). It is easy to see that
F(b) — F(2b) > 0 is equivalent to 3b > r.

If m =3 mod r, then G(—b) = G(—2b) = F(b) — F(3b). It is easy to see
that F'(b) — F(3b) > 0 is equivalent to 4b > r.

If m =4 mod r, then G(—b) = G(—3b) = F(b) — F(4b) and G(—2b) =
F(b) + F(2b) — F(3b) — F(4b).

If m=—1 mod r, then G(z) = '~ o F(z +5b) = S— 0 F(jb) = 0.

If m = -2 mod 7, then G(z) = '~ > F(x + jb) — > =0 F'(jb) = F(b) —
F(x 4+ (r —1)b). And F(b) — F(z + (r —1)b) > 0 for all x if and only if
)

So we have proved the theorem. O]

r—1
7=0
r—2

As a corollary of Theorem 4.2.2, we know the geometry of | — Kx| when
P_; is large due to Alexeev.

Corollary 4.2.3 ([Ale94b, 2.18]). Let X be a Q-Fano 3-fold. If Py > 3,
then | — Kx| has no fized part and is not composed with a pencil of surfaces.

Hence we only need to deal with the case when P_; < 3. For this purpose,
we prove the following theorem.

Theorem 4.2.4. Let X be a Q-Fano 3-fold. Fix a positive integer m. Assume
that one of the following holds:

(i) P, =1 and E € | — mKx| is a fixed prime divisor;
(ii)) P_,, =2 and | — mKx| does not have fized part.

Write ng :== min{n € Z* | P_,, > 2}. For any integer | > ng, write
l=sng+twithse€Z and 0 <t <mny—1. Take ly = min{l € Zsp, | P-im >
s+ 1}. Then | — lomK x| does not have fized part and is not composed with
a pencil of surfaces.

Proof. First we assume that | —lym K x| has a base component Ej,. It follows
that P_,, = 1 and Ej;, = E. Thus, by definition, we have /[, > 1. Hence

P_y-1ym = h(=lgmKx — (—mKx))
= h(=lomKx — Ej,) = h’(=lymKx) > s + 1,

which contradicts the minimality of /y. The similar argument implies that
| — ngomK x| does not have fixed part.
Now assume that | — [omKx| is composed with a (rational) pencil of
surfaces, i.e.
|~ g x| = (Pt — 1)S],
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where |S| is an irreducible rational pencil. Write Iy = sng+t. Since P_,,, >
2, we have P_g,0m > s+ 1.

If t > 0, by the minimality of [y we get P_g,,m = s + 1. So we can write
|—snomK x| = |sS| by Lemma 2.4.2 since | — nomK x| does not have fixed
part and | — sngmKx| < | — lomKx|. Now

—tmKx ~ —lomKx — (—=snomKx) ~ (P_jym — 1)S — sS
:(P_lom—l—S)SZS.

This implies that P_;,, > 2, which contradicts the minimality of ng. Hence
t =0 and Iy = snyg.

If s > 2, by the minimality of [y we get P_(;_1)nom = s > 2. We can write
|—(s — 1)nomK x| = |(s — 1)S| by Lemma 2.4.2. Hence

—nomKx ~ —lomKx — (—(s — 1)nomKx) ~ (P_jym — 1)S — (s = 1)S
= (Pflom - S)S 2 25.

This implies that P_,,,, > 3, which contradicts the minimality of /.

Hence s = 1 and lyp = ng. By P_,,m > 3, we have ny > 1. This implies,
by assumption, P_,, = 1 and —mKx ~ FE is a fixed prime divisor. Since
E < (P_nm—1)S ~ —ngmKx and E is reduced and irreducible, F < Sy for
certain surface Sy € |S|. Hence

—(ng — 1)mKx ~ —nomKx — (—mKx) ~ (P_pgm — 1)S — E
> (P — 2)S+ (S — E) = .

This implies that P_(,,—1), > 2, which contradicts the minimality of ny. We
are done. O

Now let us explain the strategy to prove Theorem 1.2.9. Firstly, we divide
all Q-Fano 3-folds into several families, roughly speaking, by the value of
P_1. Then in each family, we may take a proper m satisfying the condition of
Theorem 4.2.2. Applying Theorem 4.2.4 to m, we are able to find the number
lo and so 01(X) < lym. In order to find such [y, or an upper bound of [y, we
may assume that [y is sufficiently large, say, l > 9, then by the assumption
of Theorem 4.2.4, we know the value of P_,,, P_o,, P_3m, ..., P_g;,. Then,
by Chen—Chen’s method ([CCO08]) on the analysis of baskets, we can recover
all possibilities for baskets of singularities, of which each possibility can be
proved to be either impossible or very easy to treat. For this purpose, we
need to recall relevant materials on baskets, packings, the canonical sequence
and so on.
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4.2.2 Weighted baskets
All contents of this subsection are mainly from Chen—Chen [CC08, CC10a].

We list them as follows:
1. Let B = {(bl,’f’l) | 1 =1,---,50< b <

a basket. We set o(B) := > . b, o/(B) :

Z (an(Tz‘—an) _ bin(ri=bin)
7 27‘1' 27‘1',

; b; is coprime to 7;} be
S, %, and AY(B) =

i
2

) for any integer n > 1.

2. The new (generalized) basket
B’ = {(b1 + ba, 71 +72), (b3,73), -+, (bs, 75) }

is called a packing of B, denoted as B = B’. Note that {(2,4)} =
{(1,2),(1,2)}. We call B = B’ a prime packing if byro — bor; = 1. A
composition of finite packings is also called a packing. So the relation
“»>" is a partial ordering on the set of baskets.

3. Note that for a weak Q-Fano 3-fold X, all the anti-plurigenera P_,, can
be determined by Reid’s basket Bx and P_;(X). This leads to the
notion of “weighted basket”. We call a pair B = (B, P_;) a weighted
basket if B is a basket and P_; is a non-negative integer. We write
(B,P_,) = (B',P_,)if B> B

4. Given a weighted basket B = (B, ]5_1), define 15_1(]]33) .= P, and the
volume

~K*®B) :=2P_, + o(B) — o'(B) — 6.

For all m > 1, we define the “anti-plurigenus” in the following inductive

way:
P—(m—}—l) - P—m
1 1
= S(m+ 1P (~K(B) + 0'(B)) +2 %0 ~ ATTU(B).

Note that, if we set B = (Bx, P_1(X)) for a given weak Q-Fano 3-fold
X, then we can verify directly that —K3(B) = —K% and P_,,(B) =
P_.(X) for all m > 1.

Property 4.2.5 ([CC10a, Section 3]). Assume B := (B,P_)) » B :=
(B',P_1). Then

(i) o(B) =o(B') and o'(B) > o'(B');
(ii) For all integer n > 1, A™(B) > A"(B');
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(iii) —K3(B) + ¢'(B) = —K3(B') + o' (B');
(iv) —K*(B) < —K3(B);
(v) P_,(B) < P_,,(B) for all m > 2.

Next we recall the “canonical” sequence of a basket B. Set S©) := {X]
n > 2}, S® =S5Oy {2}, and inductively for all n > 5,

b
S =gV y{Z|0o<b< g, b is coprime to n}.
n

Each set S™ gives a division of the interval (0,1] = U[wﬁ)l,wi(n)] with

WM W e M. Let W = ot and w™ = L with g.c.d(g,p) = 1 for
[ =1i,i+ 1. Then it is easy to see that ¢;p;+1 — pigiy1 = 1 for all n and i (cf.
[CC10a, Claim Al).

Now given a basket B = {(b;,r;) | i = 1,---,s}, we define new baskets

B™(B), where B (-) can be regarded as an operator on the set of baskets.
For each (b;,r;) € B, if % € 5™, then we set BZ(") = {(bs, ) }. I & SO,

then wl(j:)l < ko< w™ for some I. We write w™ = 2 and wl(z)l = o=
respectively. In this situation, we can unpack (b;,r;) to Bl(n) = {(riqy —

bipr) X (@1 Prat), (—7idies + bipia) % (qu.pr)}. Adding up those B{", we get
a new basket B (B), which is uniquely defined according to the construction
and B™(B) = B for all n. Note that, by our definition, B = B™(B) for
sufficiently large n.

Moreover, we have

B () = BN (B(B)) = B(B)
for all n > 1 (cf. [CC10a, Claim BJ]). Therefore we have a chain of baskets
BO(B)=B®B)»=---=B™(B)=--- = B.

The step B™Y(B) = B™(B) can be achieved by a number of successive
prime packings. Let €,(B) be the number of such prime packings. For any
n >0, set B™ := BM™(B).

The following properties are essential to represent B(")(B).

Lemma 4.2.6 ([CC10a, Lemma 2.16]). For the above sequence {B"™(B)},
the following statements hold:

(i) A(BO(B)) = A(B) for j = 3,4;
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(ii) AI(BO=V(B)) = AI(B™(B)) for all j < n;
(iii) A*(B"Y(B)) = AM(B™(B)) + eq(B).
It follows that A7(B™(B)) = AJ(B) for all j < n and
en(B) = A"(B"Y(B)) — A"(B™(B)) = A"(B"V(B)) — A"(B).

Moreover, given a weighted basket B = (B, P_,), we can similarly consider
B™(B) := (B™(B), P_;). It follows that

P_;(B™(B)) = P_;(B) for all j < n.

Therefore we can realize the canonical sequence of weighted baskets as an
approximation of weighted baskets via anti-plurigenera.

We now recall the relation between weighted baskets and anti-plurigenera
more closely. For a given weighted basket B = (B, 15,1), we start by comput-
ing the non-negative number ¢, and B®, B® in terms of P_,,. From the
definition of P_,, we get

o(B) =10 —5P_; + P_,,

—_

A™ = (2 =5(m4+1)+2(m+ 1)) + =(m +1)(2 = 3m)P_,

[\]

1 . . .
+ §m(m + 1)P,2 + me — P—(m+1)-

In particular, we have

A®=5—6P_+4P_5 — P_g;

A*=14—14P  + 6P o+ P 35— P_,.
Assume B = {n?, x (1,7)|r > 2}. By Lemma 4.2.6, we have

o(B)=o(BY) =3 ni,;
AY(B) = A(BY) =

B(O)) = 2”(1),2 + ”(1),3‘

Thus we get B as follows:

n?’2:5—6ﬁ’_1+4ﬁ’_2—]5_3;
7’L(1)73:4—2P_1—2P_2—|—3P_3—P_4;
n(1]74:1+3P,1—p,2—2P,3+P,4—0'5;

0 _— 0
nl,r - nl,r? r= 57
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where 05 := > . n{,. A computation gives

65:2+P_2—2P_4+P_5—0’5.

(5

Therefore we get B® as follows:

(

niy=3—6P+3P o~ P y+2P,— P g+o05
ng, = 24+ Py —2P 4+ P 5 — o3
ny=2—2P 1 —3P_y+3P 3+ P_4— P_5+o0s;
n}, =1+3P_y —P_y—2P 3+ P_4— 03;

5 _ 0
Ny, =MNg,.,7 =5

\
Because B® = B we see ¢ = 0 and on the other hand
66:3p_1—|—p_2—p_g—p_4—f)_5—|—p_6—6:0
where € := 205 —n{ ; > 0.
Going on a similar calculation, we get
e7=14+ P +Py—P5—P g+ P q—205+2n);+n)
68:2P_1+P_2+p_3—p_4—p_5—p_7+1’5_8
— 305 + 3n(1)75 + 2n§)76 + n(1)77.
A weighted basket B = (B, P_;) is said to be geometricif B = (Bx, P_1(X))
for a Q-Fano 3-fold X. Geometric baskets are subject to some geomet-

ric properties. By [Kaw92a], we have that (—Kx - c3(X)) > 0. Therefore
[Reid87, 10.3] gives the inequality

v(B) := Z% =) ri+24>0. (4.2.3)

For packings, it is easy to see the following lemma.

Lemma 4.2.7. Given a packing of baskets By = Bs, we have y(B;) > ~v(Bs).
In particular, if inequality (4.2.3) does not hold for By, then it does not hold
for Bs.

Lemma 4.2.7 implies that, for two weighted baskets B; > B, if B; is
non-geometric, then neither is B,.
Furthermore, —K3(B) = —K3% > 0 gives the inequality

o'(B) <2P_1+o(B) —6. (4.2.4)
Finally, by [Kol95, Lemma 15.6.2], if P_,, > 0 and P_,, > 0, then
P, >P +P —1. (4.2.5)
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4.2.3 Q-Fano 3-folds with h'(—K) = 2

In this subsection we prove the following theorem.

Theorem 4.2.8. Let X be a Q-Fano 3-fold with P_y = 2. Then for any
integer m > 6, dim¢_,,(X) > 1. In particular, 6;(X) < 6.

Theorem 4.2.8 is optimal due to the following example.

Example 4.2.9 ([IF00, List 16.6, No.88]). Consider the general weighted
hypersurface Xy C P(1%,6,14,21), which is a Q-Fano 3-fold with P_; = 2.
Then dim ¢_g(X42) > 1 while dim ¢_5(X42) = 1. So 6;(X42) = 6.

Proof of Theorem 4.2.8. Since P_; > 0, it is sufficient to prove that there
exists an integer m < 6 such that dim¢_,,(X) > 1.

Assume, to the contrary, that §;(X) > 6. Then, by applying Theorems
4.2.2 and 4.2.4 to the case m = 1, we have

P,lIQ,P,Q:37P,3:4,P,4:5,P,5:6,P,6:7.

Now by those formulae in Subsection 4.2.2, we have n{ , = 1, n{ 3 = 1, n{, =
€5 =1 —05, and 0 = ¢g = 1 — . Hence € = 1, and this implies 05 = n{ 5 = 1.
Hence the basket B®) = B© = {(1,2),(1,3),(1,5)} by €5 = 0. Since B®
admits no prime packings, B = B® and —K3% = —K*(B(X)) = —1/30 < 0,
a contradiction. O

4.2.4 Q-Fano 3-folds with h’(—K) =1

We are going to prove the following theorem.

Theorem 4.2.10. Let X be a Q-Fano 3-fold with P_y = 1. Then, for any
integer m > 9, dim p_,,,(X) > 1. In particular, §;(X) <9.

This result is optimal as well due to the following example.

Example 4.2.11 ([IF00, List 16.7, No.85]). Consider the general codimen-
sion 2 weighted complete intersection X = Xo4 30 C P(1, 8,9, 10,12, 15) which

is a Q-Fano 3-fold with P_; = 1. Then dimp_o(X) > 1 and dimp_g(X) =1
since P_g = 2. So §;(X) =09.

Proof of Theorem 4.2.10. Since P_; > 0, it is sufficient to prove that there
exists an integer m < 9 such that dim ¢_,,(X) > 1. Assume, to the contrary,
that d;(X) > [ for some integer [ < 9. We will deduce a contradiction.
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Applying Theorems 4.2.2 and 4.2.4 to the case m = 1, we distinguish the
number ny (defined in Theorem 4.2.4). By Chen—Chen [CC08, Theorem 1.1],
we have ng < 8.

If no = 2 and set [ = 6, then Theorem 4.2.4(i)(m = 1) implies that

P,lzl, P,QZP,3:2, P,4:P,5:3, P76:4-

Then nfy =5, nls3 =1, n), =€ =1—-050=¢ = 1 — €. Hence € = 1,
and this implies 05 = n; = 1. Hence the basket B®) = B = {5 x

(1,2),(1,3),(1,5)} by €5 = 0 Since B®) admits no further prime packings,
B = B® and —K*[B) = —55 < 0, a contradiction. Thus §;(X) < 6.
If no = 3 and set [ = 6, then Theorem 4.2.4(i)(m = 1) implies that

P,1:P,2:1, P,32P74:P,5:27 P,6:3.

Thenn?Qzl,n?3:4,n?4:e5:1—05,0266:1—6. Hence € = 1,

and this implies o5 = n{ 5 = 1. Hence the basket B(®) = = {(1,2),4 x
(1,3),(1,5)} by €5 = O Since B® admits no further prime packmgs B =
B® and —K?3(B) = —& < 0, a contradiction. Thus & (X) < 6.

If ng =4 and set l = 6, then Theorem 4.2.4(i)(m = 1) implies that
P,=P,—=P4—1P,—P.—=Pg¢—2

Then nfy =2,y =1, n}, =3 —05, 6 =1—05, 0=¢ =1 —¢. Hence
¢ = 1, and this implies o5 = n{; = 1. Hence B® = {2 x (1,2),(1,3),2 x
(1,4),(1,5)} by €5 = 0. Hence ¢; < 1 and eg = 0 by considering possible
prime packings of B®). On the other hand, e = P_;—1 and eg = P_g— P_7.
So P_g = €7+ 1 < 2. But this contradicts P_4 = 2 and inequality (4.2.5). So
91 (X) <6.

If no =5 and set [ = 7, then Theorem 4.2.4(i)(m = 1) implies that

P,1:P,2:P,3:P,4:1, P,5:P,6:P,7:2.

Thenn12—2 n13—2 n14—2 0'5,65—3—0'5,0—66:2—€,
e7 =1 — 2054 2nY 5+ n . Hence e = 2, and this implies (05, n{ ;) = (1,0)
(2 2). If (05,71175) = (1 0), then n16 =1 by e; > 0. Hence ¢5 = 2 and
= {2 x (2,5),(1,4), (1, 6)} Since B® admits no further prime packings,
B B® and —K*(B) = —& < 0, a contradiction. If (05,n85) = ( 2), then
es = 1, ¢ = 1, and B = {(3,7),(1,3),2 x (1,5)}. Since B admits no
further prime packmgs B =B and —K?*(B) = 1(2)5 < 0, a contradiction.
So §1(X) < 7.
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If ng = 6 and set [ = 8, then Theorem 4.2.4(i)(m = 1) implies that
P,1:P,2:P,3:P,4:P,5:1, P,6:P,7:P,8:2.

Then nfy =2, 13 =2, n}, =2—05, 65 =2 — 05,0 = ¢ = 3 — . Hence
e = 3 and o5 < 2, and this implies (05,n75) = (2,1). Then €5 = 0 and
B®) = {2 x (1,2),2 x (1,3),(1,5),(1,s")} for some s’ > 6. This implies
€7 = eg = 0 since there are no further packings. On the other hand, e; =
2 —205+2n 5 +nf s and es = 2 — 305 4 3n] ; + 2n s +nf ;. Hence nf 4 =0,
nd;=1,and BY = {2x(1,2),2x(1,3),(1,5),(1,7)}. Since B is minimal,
B =B and —K3(B) = —-% < 0, a contradiction. Thus §;(X) < 8.

T 105
If ng > 7 and set [ =9, then Theorem 4.2.4(i)(m = 1) implies that

P,1:P,2:P,3:P,4:P,5:P,6:1, P,82P79:2.

Thennfy =2,n)3=2,n) , =2—05,6; =2—05 0= = 2—¢. Hence e =2
and o5 < 2, and this implies (05, n{ ;) = (1,0) or (2,2). If (05,1 5) = (2,2),
then B®) = {2 x (1,2),2 x (1,3),2 x (1,5)} by €5 = 0. Since B®) admits no
further prime packings, B = B® and —K?(B) < 0, a contradiction.

Thus we are left to consider the case: (05,ny5) = (1,0). Then we have
B®) ={(1,2),(2,5),(1,3),(1,4),(1,s")} with s > 6 by 5 = 1. Assume that
s’ =6, 7. Clearly any basket B, with such a given B®® dominates one of the
following minimal ones:

Bl = {(37 7)7 (27 7)7 (17 S/)};
By = {(17 2)7 (37 8)’ (1? 4)7 (17 Sl)}.

Since ¢'(B) > o'(B;) > 2 where s’ = 6,7 and i = 1, 2, inequality (4.2.4) fails
for all B, which says that this case does not happen. Hence s’ > 8, then the
expression of eg gives
P,8 — P,7 = €3+ 1.

Hence P_; = P =1 and e; = es = 0 since P_g = 2. We have B® = B®) =
{(1,2),(2,5),(1,3),(1,4),(1,s")} with s > 8. Since B® admits no further
prime packings, B = B®. By inequalities (4.2.3) and (4.2.4), s’ can only be
9,10,11. But then direct calculations show that P_g = 3 in all these three
cases, a contradiction. We have proved 6;(X) < 9.

So we conclude the theorem. O

4.2.5 Q-Fano 3-folds with h’(—K) =0

In this subsection we prove the following theorem.

23



Theorem 4.2.12. Let X be a Q-Fano 3-fold with P_y = 0. Then there exists
an integer my < 11 such that dim ¢_,,, (X) > 1. Moreover, we can take such

a number my < 8 except for the following baskets of singularities:

4)};
4)};

No.l. {2x(1,2),
No.2. {5x(1,2),
No.3. {5x (1,2),
No.d. {5x(1,2),
No.A. {7x (1,2),
No.B. {6x (1,2),
No.C. {5x (1,2),
No.D. {4x (1,2),
No.E. {7x (1,2),
No.F. {5x(1,2),

3x(2,5),(1,3),(1,
2x(1,3),(2,7), (1,
2x(1,3),(3,11)};
(1,3),(3,10),(1,4) };
(3,7),(1,5) };

(479)7 ?5)};
(5,11),(1,5)};
(6,13),(1,5)};
(3,8), (L,5)}
(4,9),(1,3),(1,5)}.

Remark 4.2.13. We do not know if this result is optimal since very few ex-
amples with P_; = 0 are known. There are 4 known examples due to lano-
Fletcher [IF00, List 16.7, No.60] and Altinok-Reid [AR], [Reid00, Example
9.14]. For these examples we can see that dim¢_g(X) > 1 by our theorem.
Moreover, in next subsection we will treat the exceptional cases. If one can
confirm either the existence or non-existence of type No.1-No.4, the result
becomes optimal and so does Theorem 1.2.9.

Before proving Theorem 4.2.12, we recall a result by J. A. Chen and M.

Chen.

Proposition 4.2.14 ([CCO08, Theorem 3.5]). Any geometric basket of weak

Q-Fano 3-folds with P_y = P_5 = 0 is among the following list:

B —K3 P.s P_4, P_s P_g P_; P_g
No.1. {2 x (1,2),3 x (2,5), (1,3), (1,4)} 1/60 0 0 1 1 1 2
No.2. {5 x(1,2),2 x (1,3),(2,7), (1,4)} 1/84 0 1 0 1 1 2
No.3. {5 x (1,2),2 x (1,3),(3,11)} 1/66 0 1 0 1 1 2
No.4. {5 x (1,2), (1, 3), (3, 10) (1 4)} 1/60 0 1 0 1 1 2
No.5. {5 x (1,2),(1,3),2 x 1/42 0 1 0 1 2 3
No.6. {4 x (1,2),(2,5),2 x (1 3) 2% (1,4)} 1/30 0 1 1 2 2 4
No.7. {3 x(1,2),(2,5),5 x (1,3)} 1/30 1 1 1 3 3 4
No.8. {2 x (1,2),(3,7),5 x (1, 3)} 1/21 1 1 1 3 4 5
No.9. {(1,2),(4,9),5 x (1,3)} 1/18 1 1 1 3 4 5
No.10. {3 x (1,2),(3,8),4 x (1,3)} 1/24 1 1 1 3 3 5
No.11. {3 x (1,2),(4,11),3 x (1,3)} 1/22 1 1 1 3 3 5
No.12. {3 x (1,2), (5,14),2 x (1, 3)} 1/21 1 1 1 3 3 5
No.13. {2 x (1,2),2 x (2,5),4 x (1,3)} 1/15 1 1 2 4 5 7
No.14. {(1,2),(3,7),(2,5),4 x (1,3)} 17/210 1 1 2 4 6 8
No.15. {2 x (1,2),(2,5), (3,8),3 x (1,3)} 3/40 1 1 2 4 5 8
No.16. {2 x (1, 2) (5,13),3 x (1,3)} 1/13 1 1 2 4 5 8
No.17.  {(1,2),3 x (2,5),3 x (1,3)} 1/10 1 1 3 5 7 10
No.18. {4 x (1,2),5 x (1,3), (1,4)} 1/12 1 2 2 5 6 9
No.19. {4 x (1,2),4 x (1,3), (2,7)} 2/21 1 2 2 5 7 10
No.20. {4 x (1,2),3 x (1,3),(3,10)} 1/10 1 2 2 5 7 10
No.21. {3 x(1,2),(2,5),4 x (1,3),(1,4)} 7/60 1 2 3 6 8 12
No.22. {3 x(1,2),7x (1,3 1/6 2 3 4 9 12 17
No.23. {2 x (1,2),(2,5),6 x (1,3)} 1/5 2 3 5 10 14 20

Proof of Theorem 4.2.12. In the proof, we will always take a suitable integer
m satisfying one of the conditions in Theorem 4.2.2. If necessary, we apply
Theorem 4.2.4 on m and take my; = l[pm.
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Case I. P, = 0.

The basket B = By of the singularities of X is among the list of Propo-

sition 4.2.14. We just discuss it case by case.

If B is of type No.1, take m = 5. Since P_5 = 1 and P_;y = 4, we can

take m; = 10.

If B is of type No.2, take m = 11. Since P_;; = 4, we can take m; = 11.
If B is of type No.3, take m = 10. Since P_;y = 3, we can take m; = 10.
If B is of type No.4, take m = 11. Since P_;; = 4, we can take m; = 11.
If B is of type No.5, take m = 8. Since P_g = 3, we can take m; = 8.
If B is of type No.6, take m = 8. Since P_g = 4, we can take m; = 8.
If B is of type No.7-No.21, take m = 3. Since P_.3 =1 and P_g > 3, we

can take m; = 6.

If B is of type No.22-No.23, take m = 3. Since P_3 =2 and P_¢ > 9, we

can take my; = 6.

Case II. P, > 0.
Since P_; = 0, the basket B(”) has datum

n?72:5—|—4P,2—P,3;
n?73:4—2P_2+3P_3—P_4;
n?74:1—P_2—2P_3+P_4—U5.

By Lemma 4.2.7, B satisfies inequality (4.2.3) and thus

1
0 <~(BY) = Z(; —r)ny, +24

r>2
1 24

< ——r)nl - = 24
< Z (r r)ng, E o5 +

r=2,3,4

25 37 13 21
_ 2. 2p ip._p, 5

12 Tt T gt T 5

Hence, by n{ 3 > 0 and n{, > 0, we have

25 37 13 21
E+EP_2+P_3_EP_4_2_OU5 > 0;

4—2P_2+3P_3—P_420;
1—P_2—2P_3+P_4—U520.

Considering the inequality “(4.2.6)+(4.2.7)4+2x(4.2.8)":

97 11 1 61
2 PP, 250
12 12 27 120t T
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(4.2.6)

(4.2.7)
(4.2.8)

(4.2.9)



we obtain o5 < 2.

Subcase II-1. o5 = 0.

At first, we consider the case P_3 = 0. By inequality (4.2.7), we have
2P o+ P4 < 4. Since 1 < P, < Py, it follows that (P_o, P_4) = (1,1)
or (1,2). If (Py, P_y) = (1,1), then B® = {9 x (1,2),(1,3),(1,4)} with

~K3BY) = —L < 0. Considering a minimal basket By, dominated by
B©_ then either By, = {(10,21),(1,4)} with —K*(Bpin) = —4 < 0 or
Buin = {9 % (1,2),(2,7)} with —K*(Byin) = —35 < 0. Thus —K3(B) <

—K3(Bui) < 0, a contradiction. If (P_y, P_4) = (1,2), then B® = {9 x
(1,2),2 x (1,4)}. Since B admits no prime packings anymore, B = B
and —K3(B) = 0, a contradiction.

Let us consider the case P_3 > 1. Since o5 = 0, B is composed of
(1,2),(1,3),(1,4). In particular, 4b > r holds for every pair (b,r) € B,
As an easy conclusion, after packings, 4b > r holds for every pair (b,r) € B.
So m = 3 satisfies the condition of Theorem 4.2.2. By Theorem 4.2.4, we
can take my; = 3 or 6 unless (P_3, P_g) = (1,1),(1,2),(2,3). By inequality
(4.2.8),

Py>2P 3+ P ,—1>2P, (4.2.10)

By Py >0, P_¢ > P_4. Thus we only need to consider the case (P_3, P_g) =
(1,2). By inequality (4.2.10), P =1 and P_4 = 2. On the other hand,

0266:SP_1+P_2—P_g—P_4—P_5+P_6—€:—P_5.

This implies P_5 = 0 which contradicts P_, = P_3 = 1.

Subcase 11-2. o5 = 2.
By inequality (4.2.9) and P_4 > 2P_5 — 1, we have P, < 1. Hence
P_5 =1 and, by inequalities (4.2.6)-(4.2.8), we have inequalities:

46 13

—4+P,-2p : 4211
5 Tt 0 ( )
24+ 3P 53— P 4> 0; (4.2.12)
2 92P 4+ P ,>0. (4.2.13)

Considering the inequality “2 x (4.2.11) + (4.2.13)”, we have P_, < 3. Hence
P_3 = 0 by inequality (4.2.13), and P_4 = 2 by inequalities (4.2.12) and
(4.2.13). Then B©® = {9 x (1,2), (1, 51), (1,52)} with 5 < 51 < s9. If 59 > 5,
then v(B®) <9x (3 —2)+(+ =5)+ (+ —6) +24 < 0, a contradiction. Thus
BO = {9 x (1,2),2 x (1,5)}. Since B admits no further prime packings,
B = B, Take m = 5. Since P_5 = 3 by €; = 0, we can take m; = 5 by
Theorem 4.2.4.
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Subcase II-3. o5 = 1.
By inequalities (4.2.6)-(4.2.8), we have

12+ 37P_5 + 12P_5 — 13P_4 > 0; (4.2.14)
A—2P 43P 45— P_4>0; (4.2.15)
—P,—2P 5+ P, >0. (4.2.16)

Considering the inequality “(4.2.14) + 13 x (4.2.16)”, we have
TPy < 12P_y + 6. (4.2.17)
Considering the inequality “(4.2.15) + (4.2.16)”, we have
3P, < Py 44 (4.2.18)

Inequalities (4.2.17) and (4.2.18) imply P, < 3.

Subsubcase II-3-i. (05, P_2) = (1, 3).

By inequalities (4.2.17) and (4.2.18), 5 < P_3 < 6.

If P_3 = 6, by inequalities (4.2.14) and (4.2.16), P4 = 15. Then B©® =
{11 x (1,2),(1,3),(1,5)} for some integer s > 5. By v(B®) > 0, we have
s = 5. Since the one-step packing By = {10x(1,2),(2,5), (1,5)} has negative

v(By), B = BY = {11 x (1,2),(1,3),(1,5)}. Take m = 4. Since P_, = 15,
we can take m; = 4 by Theorem 4.2.4.

If P_3 = 5, by inequalities (4.2.15) and (4.2.16), P_4 = 13. Then B©® =
{12 x (1,2), (1,5)} for some integer s > 5. By 7(B®) > 0, we have s = 5, 6.
Clearly B = B®. Take m = 5. Since P_s = 22, we can take m; = 5 by
Theorem 4.2.4.

Subsubcase 1I-3-ii. (05, P_5) = (1,2).

By inequalities (4.2.17) and (4.2.18), 2 < P_3 < 4.

If P_3 = 4, by inequalities (4.2.14) and (4.2.16), P_4 = 10. Then B©) =
{9 % (1,2),2 x (1,3),(1, s)} for some integer s > 5. By v(B®) > 0, we have
s = 5. Since the one-step packing B; = {8 x (1,2),(2,5),(1,3),(1,5)} has
negative v(B), B = B = {9 x (1,2),2 x (1,3),(1,5)}. Take m = 4. Since
P_4, =10, we can take m; = 4 by Theorem 4.2.4.

If P_3 = 3, by inequalities (4.2.15) and (4.2.16), 8 < P_, < 9. Firstly
let us consider the case P4, = 9. Clearly B = {10 x (1,2),(1,4), (1, )}
for some integer s > 5. By y(B®) > 0, we have s = 5. If B = B© ),
may take m = 4. Since P_4, > 9, we can take m; = 4 by Theorem 4.2.4. If
B # B we have B = {10 x (1,2),(2,9)}. Take m = 8. Since P_g > 3,
we can take m1 = 8 by Theorem 4.2.4. Now we consider the case P_, = 8.
We have B® = {10 x (1,2),(1,3),(1,s)} for some integer s > 5. Since
¥(B®) > 0, we have 5 < s < 6. For the case (P_4,5) = (8,6), we get
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B ={10x (1,2),(1,3),(1,6)} since any possible packing of B(®) has negative
v. Take m = 5. Since P_5 = 13, we can take m; = 5 by Theorem 4.2.4.
For the case (P_4,s) = (8,5), we get either B = {10 x (1,2),(1,3),(1,5)} or
B ={9x(1,2),(2,5),(1,5)} or B={8x(1,2),(3,7),(1,5)} by v > 0. For
all these cases, take m = 6. Since P_g > 3, we can take m; = 6 by Theorem
4.2.4.

If P_3 =2, we have P_4 = 6 by inequalities (4.2.15) and (4.2.16). Then

0 = {11 x (1,2),(1,s)} for some integer s > 5. Similarly, 7(B®) > 0
implies 5 < s < 7. Since B® admits no further prime packings, B = B©.
Take m = 6. Since P_g > 3, we can take m; = 6 by Theorem 4.2.4.

Subsubcase I1-3-iii. (05, P_5) = (1,1).

By inequality (4.2.17), P_5 < 2.

If P_3 =2, we have P_, = 5 by inequalities (4.2.14) and (4.2.16). Then

= {7x(1,2),3%(1,3), (1, )} for some integer s > 5. Similarly, v(B©) >
0 1mphes s = 5. Furthermore, we have either B = {7x(1,2),3x(1,3),(1,5)}
or B = {6 x (1,2), (2, 5)2><(1 3),(1,5)} by v > 0. Take m = 4. Since
P_4, =5, we can take m; = 4 by Theorem 4.2.4.

If P.3 =1, we have 3 < P_, < 4 by inequalities (4.2.14) and (4.2.16).
Consider the case (P_3, P_4) = (1,4). We have B©®) = {8><(1 2),(1,3),(1,4),(1,s)}
for some integer s > 5. Again we have s = 5 since v(B®) > 0. With the
property v > 0 and considering all possible baskets with B(), we see that B
must be one of the following baskets:

By ={8x(1,2),(1,3),(1,4),(1,5)},
By, ={8x(1,2),(2,7),(1,5)},
Bs ={8x(1,2),(1,3),(2,9)},
B, ={7x(1,2),(2,5),(1,4),(1,5)}.

For By, take m = 6. Since P_g(Bs) > 3, we can take m; = 6 by Theorem
4.2.4. For Bs, take m = 8. Since P_g(B;3) > 3, we can take m; = 8 by
Theorem 4.2.4. For By, and By, take m = 4. Similarly we can take m; = 4
by Theorem 4.2.4. Consider the case (P_3, P_4) = (1,3). We have B®) =
{8 x (1,2),2 x (1,3),(1,s)} for some integer s > 5. Similarly, v(B®) > 0
implies 5 < s < 6. If s = 6, we see either B = {8 x (1,2),2 x (1,3),(1,6)}
or B={7x(1,2),(2,5),(1,3),(1,6)} since v(B) > 0. Take m = 5. Since
P_5 > 3, we can take m; = 5 by Theorem 4.2.4. If s = 5, by considering all
possible packings dominated by B® and using the property v > 0, we see
that B must be one of the following baskets:

B; ={8x(1,2),2 x (1,3),(1,5)},
Bii = {7 X (172)’ (2’ 5)7 (173)7 (17 5)}7
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B = {6 x (1,2),2 x (2,5), (1,5)},
B, = {6 x (1,2),(3,7),(1,3),(1,5)},
B, ={5x(1,2),(4,9),(1,3),(1,5)},
By = {7 x(1,2),(3,8),(1,5)},

By = {5 (1,2),(3,7),(2,5), (1,5)}

For B, (corresponding to No.F) and B,; (corresponding to No.E), take m = 9.
Since P_g > 3, we can take m; = 9 by Theorem 4.2.4. For other cases, take
m = 6. Since P_g > 3, we can take m; = 6 by Theorem 4.2.4.

If P.3=0,by inequality (4.2.15), P_4 < 2. Consider the case (P_3, P_4) =
(0,2). We have B = {9 x (1,2),(1,4),(1,s)} for some integer s > 5. In
fact, 5 < s < 6 by ’y(B ©) > 0. When s = 6, B = B since B admits
no further packings. Take m = 7. Since P_; = 6, we can take m; = 7 by
Theorem 4.2.4. When s = 5, the property v > 0 implies that B(®) admits at
most one further packings. Thus either B = {9 x (1,2),(1,4),(1,5)} (take
m=4)or B={9x%(1,2),(2,9)} (take m = 8). For the first basket, P_, = 2
and P_g = 7, we can take m; = 8 by Theorem 4.2.4. For the second basket,
P_g =7 and we can take m; = 8 by Theorem 4.2.4.

Finally we consider the case (P_3, P_4) = (0,1). We have B® = {9 x
(1,2),(1,3),(1,s)} for some integer s > 5. Similarly, 7(B®) > 0 implies
5 < s < 7. When s = 7, the property v > 0 implies that either B =
{9x(1,2),(1,3),(1,7)} or B={8x(1,2),(2,5),(1,7)}. Take m = 8. Since
P_g > 3, we can take m; = 8 by Theorem 4.2.4. When s = 6, the inequalities
v >0 and —K? > 0 imply that B must be one of the following baskets:

18 (1,2), (2,5), (L6)}.
{7 % (1,2), (3.7), (L,6)},
{6 x (1,2),(4,9),(1,6)}.

Take m = 7. Since P_; > 3, we can take m; = 7 by Theorem 4.2.4. When

s = 5, inequalities v > 0 and —K? > 0 imply that B is among one of the
following baskets:

Ba:{7>< (172)7<3’ )7(17 )}
= {6 X (172)7 (47 ) (1 )}

Be = {5x(1,2),(5,11),(1,5)},

By ={4x(1,2),(6,13),(1,5)}.

For By (corresponding to No.D), take m = 11. Since P_1; > 3, we can take
my = 11 by Theorem 4.2.4. For other baskets (corresponding to No.A, No.B,
No.C), take m = 9. Since P_g > 3, we can take m; = 9 by Theorem 4.2.4.
So the theorem is proved. n
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4.2.6 Exceptional cases

In this subsection, we treat the exceptional cases in Theorem 4.2.12.
Theorem 4.2.15. Let X be a Q-Fano 3-fold with basket of singularities B.
(i) If B is of type No.1-No.4 as in Theorem 4.2.12, then dim p_10(X) > 1.

(11) If B is of type No.A-No.D as in Theorem 4.2.12, then dim p_g(X) > 1.
(i1i) If B is of type No.E-No.F as in Theorem 4.2.12, then dim p_4(X) > 1.

Proof. (i). Recall the proof in Case I of Theorem 4.2.12. We may only
consider the two cases with No.2 and No.4. Since P_g = 2, 6;(X) > 10. We
want to show that d;(X) = 10 in both cases. In fact, we have Py = P_g = 1,
P g =2 P_iy > 3. Note that the conditions of Theorem 4.2.2 are all satisfied
with m = 4. It follows that —4Kx ~ FE is a prime divisor. Assume that
dimp_19(X) = 1, then we can write | — 10K x| = |nS| + £’ with n > 2,
|S] is an irreducible rational pencil of surfaces, and E’ is the fixed part. By
P_¢ >0, we have E < |nS|+ E’. Since E is reduced and irreducible, either
E <|S| or E < E’ holds. Then

P.¢=h'(—10Kx — E) = h’(nS+ E' — E) > h°(S) = 2,

a contradiction.

(ii). Recall the last part of Subsubcase II-3-iii in the proof of Theorem
4.2.12. 1If B is of type No.A-No.D, we have P, = P 4, =1, P.¢ = 2, and
P_g = 3. Assume, to the contrary, that dim¢_g(X) = 1.

Write —2Kyx ~ D for some effective Weil divisor. By Theorem 4.2.4(i)
(with m = 2), D must be either reducible or non-reduced. As in the proof of
Theorem 4.2.2, take E to be any strictly effective divisor such that £ < D.
Then inequality (4.2.1) must fail for some singularity @ in B,—B,. Clearly,
such an offending singularity @ must be “(1,5)”. By equality (4.2.2), the local
index ig(E) of E should be 4 since inequality (4.2.1) holds for i € {0,1,2, 3}
and (b,7) = (1,5), that is, £ ~ —Kx at (). Since E is arbitrary such that
0 < E <D and ig(—2Kx) = 3, we conclude that D = E) + E, where E; is
fixed prime divisor with ig(E;) =4 for i = 1,2.

If By = Es, then 2(—Kx — E;) ~ 0. By [Prol0, Proposition 2.9] and
—Kx — FE; is Cartier at (), we conclude that —Ky — E; is not 2-torsion.
Hence — Ky — E; ~ 0, which contradicts P_y = 0. Thus F; and FE5 are
different prime divisors.

Since | — 6K x| < | — 8K x|, by Lemma 2.4.2 we can write

‘ —6le = ’S’ —|—CL6E1 +b6E2,
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| - 8le = |25| + CLgEl + ngQ,

where |S| is an irreducible rational pencil of surfaces, a; £y + b; F» is the fixed
part, a;,b; € N for ©+ =6, 8.

Claim 6. agbg = agbs = 0.
Proof. Assume that ag, bg > 1, then
P, =h'(—6Kx — E, — Ey) > h°(S) = 2,
a contradiction. Similarly, we have agbs = 0. O
We may assume that bg = 0. Then
3E1 + 3Ey € |S + agE1| = |S| + agEy. (4.2.19)

It follows that ag < 3.

Case ii.1. by = 0.
In this case

2S5 +agk) ~ —8Kx ~ —6Kx + E1 + Ey ~ S+ (ag + 1) Ey + Es.
Since agF; is the fixed part of |25 + agE}|, ag < ag + 1. Then
S~ (ag + 1 — as)Ey + Es. (4.2.20)
Considering relations (4.2.19) and (4.2.20),
(2a6 + 1 — ag) Ey + Ey ~ 3E, + 3E,. (4.2.21)

Clearly, 2ag+1—ag < 3is absurd. Thus 2ag+1—ag > 4. And 2a6+1—ag <7
since ag < 3. Locally at @, since ig(E:) = ig(E2) = 4, we have

2046 +1—ag3 =0 mod 5.

So 2ag + 1 — ag = 5. Then relation (4.2.21) implies 2E; ~ 2E,. By [Prol0,
Proposition 2.9], we conclude that E; ~ Es, a contradiction.

Case ii.2. ag = 0 and bg > 0.
In the case

2S+b8E2 ~ —8KX ~ —6KX +E1 +E2 ~ S+ (CL6+ 1)E1 —|—E2.
This implies that bg < 1. Hence bg = 1 and

S ~ (ag+1)E,. (4.2.22)
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Considering relations (4.2.19) and (4.2.22),

Clearly 2a6 +1 > 4 and 2a¢ + 1 < 7 since ag < 3. Locally at @), since
ig(Ey) = ig(Ey) = 4, we have

2a6+1=1 mod 5.

Since 4 < 2ag + 1 < 7, this is impossible.

(iii). Recall the cases with B, (No.F) and B,; (No.E) (see Subsubcase
[1-3-iii in the proof of Theorem 4.2.12). We have P_5 =1, P_4 = 3. Assume,
to the contrary, that dim ¢_4(X) = 1.

We can write —2Kx ~ D for some effective divisor D. By the same
argument as (ii), D = E;+ E5 with E; reduced and irreducible and i (E;) = 4
for i = 1,2 where @ is the singularity “(1,5)”. Note that, however, we do
not know if F; and FEs are different.

We can write

| — 4le = |25| + a4E1 + b4E2,

where |S] is an irreducible rational pencil of surfaces and ayFy + by Es is the
fixed part, a4, by € N. Hence

25 + a4E1 + b4E2 ~ _4KX ~ 2(—2Kx) ~ 2E1 -+ 2E2

Since ayFy + byEs is the fixed part of |25 + a4 F1 + byEs|, we may assume
as < by <2
If by = 2, then 25 ~ (2 — a4)F;. Hence E; < S by the irreducibility of
E;. Then
1=h"(E)) > K25 — Ey) > h°(S) =2,

a contradiction.
If b4 =1 Z Qy, then 25 ~ (2 — CL4)E1 + E2 Z El —+ EQ. Hence E1 S S by
the irreducibility of F;. Then

1=h"(E, + Ey) > 128 — E) > h°(S) =2,

a contradiction.
Hence ay = by = 0 and —4Ky ~ 2S5 ~ 2E,+2F,. Note that h°(E|+ E,) =
1 and
2FE, +2E, € 25| = |S| + |5,

we have
S ~ 2E1 ~ 2E2
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Hence
4<—KX - E1> ~ 2(E1 - EQ) ~ O

By [Prol0, Proposition 2.9], there are no 4-torsion Weil divisors. So
By — By~ 2(—Ky — 1) ~ 0.

Then
_2KX ~ El +E2 ~ 2E1 ~ S

This contradicts h’(—2Kx) = 1.
So we have proved the theorem. O

To make the summary, Theorems 4.2.12 and 4.2.15 directly imply the
following;:

Corollary 4.2.16. Let X be a Q-Fano 3-fold with P_; = 0. Then 61(X) < 8
except for the following cases:

No.l. {2x(1,2),3x (2,5),(1,3),(1,4)} 8(X) = 10;
No.2. {5x(1,2),2x (1,3),(2,7),(1,4)} 6,(X) = 10;
No.3. {5x(1,2),2x (1,3),(3,11)} 51(X) = 10;
Nod. {5x(1,2),(1,3),(3,10), (1,4}  &(X) = 10;
No.A. {7x(1,2),(3,7),(1,5)} 51(X) = 8;
No.B. {6x (1,2),(4,9),(1,5)} 51(X) = 8;
No.C. {5x (1,2),(5,11),(1,5)} 51(X) = 8;
No.D. {4x (1,2),(6,13),(1,5)} 51(X) = 8;
No.E. {7x (1,2),(3,8),(1,5)} 51(X) = 4;
No.F. {5x(1,2),(4,9),(1,3),(1,5)} 51(X) = 4.

Theorem 1.2.9 follows directly from Theorems 4.2.8 and 4.2.10, and Corol-
laries 4.2.3 and 4.2.16.

4.3 When is | — mKx| not composed with a
pencil (Part II)?

As we have seen in the last section, the condition p(X) = 1 is crucial to
proving Theorem 4.2.2. For arbitrary weak Q-Fano 3-folds, we have to study
in an alternative way. Naturally what we can prove is weaker than Theorem
1.2.9.

Let X be a weak Q-Fano 3-fold. We are going to estimate 0;(X) from
above. The main idea is to relate this problem to the value distribution of
the Hilbert polynomial y_,, = P_,,,. Recall that this is done by Proposition
2.6.2, which gives the following corollary.
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Corollary 4.3.1. Let X be a weak Q-Fano 3-fold. If
P, >rx(—Kx)’m+1
for some integer m, then | — mKx| is not composed with a pencil.

Next we estimate the number m which satisfies Corollary 4.3.1. We will
do this in two steps as follows.

Proposition 4.3.2. Let X be a weak Q-Fano 3-fold. Take an arbitrary real
number 0 < t < 37. Denote ry.x := max{r; € Bx} the maximum of local
indices of singularities. If

Tmaxt 12
m > max{?)?, T, \/67”)( + m} s

then P_,, > rx(—K3%)m + 2. In particular, | — mKx| is not composed with
a pencil.

Proof. By Reid’s formula, there exists a basket of singularities

Bx ={(bj,r;) |i=1,...,80<b < %;bi is coprime to r;}

such that we have the formula
1
P, = ﬁn(n +1)2n+1)(=K%) +2n+1—1(-n)

for any n > 0, where
(COEDI D ma
i =1 v

To estimate the lower bound of P_,, we need to bound [(—n) from above.
For any pair (b,r) € By, we have r < 24 by inequality (4.1.1). In fact,
we have the following estimation.

1. If r =2, then
jblr—jb) _ J 4, ifj odd;
2r )0, ifj even

2. If r is odd, then Tb(g_;fb) < Ti;_;1~
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3. If r is even and r > 2, then

)
2r 2 '

- - r—2r42 r2_4 e
& if jb=1r/2.

Clearly, b # r/2 under the same situation. Since jb = r/2 and
(j — 1)b = r/2 can not hold simultaneously, we have

._ - ._ 7 _._ 2_ 2 . 2_
U= Db(r = (G = 1b) | jb(r — jb) Lot 2 (-1
2r 2r &r &r 8r

Hence, when r is even and r > 2, we have

" jb(r — jb r2—1
Z% <ne——. (4.3.1)
7=1

By the way, inequality (4.3.1) also holds when r is odd.
Recall that we have

L U
, o 12
7=1

Hence, whenever > 2 and n > TmTa"t, we have

“gb(r—gb) n rt—1 =~ jb(r — jb)
JZ_; 2r _LT’J 2 +; 2r

1

LnJr2—1+ ) {_ r2—1 7"2—1}

- mini{ 7 -
- tr0 12 8r 7 12

r2—1 r

— 4.3.2

S g (3 (4.3.2)

r?—1 (t+1)n
- 12r t

We prove the second inequality here. Assume, to the contrary, that

n r:—1 r2—1 r2—1 T
— - — 4.3.3
> oy (vt g) (4.3.3)
and
nri—1 r2—-1 r2—-1 r
— > —). 4.3.4
Tt o "t 3) (4.3.4)



Inequality (4.3.3) implies 7 > . But from inequality (4.3.4), we have n < %
a contradiction.
Since X is weak Q-Fano, recall that we have inequality

by inequality (4.1.1). Denote by Ny the number of r; = 2 in Bx. Then, if
n > Tmaxt
sl 3

— jbi(ri — jbs
_n):ZZJ (%J )

i

N2 n—l—l szb

ri>2 j=1

Ln—2|—1J+(zf—i-1) Zri—l

t 127“1
ri>2
2 +1J+(zs+1)n_24—gj\f2
2 t 12
t+1n 1 n+1
2 _N2<( 8t) __L J)

IN

IN

N,
4
N,
4
2(t +

o t
< 2(t —; 1)n

where (t;% — (] > 0 whenever n > t. Hence

1
Py = gon(n+1)(2n + 1)(=K%) +2n + 1~ I(-n)
1 n2 2n
> gng(—Kg’() 1 —(—E%)+1- i

By [CCO8], =K% > 555 Hence _( K%) > 1ifn > 37. Ifm >, [6rx + t(—1[2(3_)7
X

then

1 2
Pz gm*(=K}) +2 - Tm
1 12 2m
> (6 Jm(-K3) +2- =
= TX(—K§(>m +2
We complete the proof. O
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In practice, we will take a suitable ¢ to apply Proposition 4.3.2. Note that
T'max S 24.

Proposition 4.3.3. Let X be a weak Q-Fano 3-fold.

(i) If rx <660, then ,/6rx + 2(+K§() < 67. In particular,

P, >rx(—Ky)m+2

for m > 67.
(ii) If rx > 660, then rx = 840, and P_,, > rx(—K%)m +2 for m > T1.

Proof. Statement (i) is clear since —K% > o= by [CC08] and take ¢ = 8 in
Proposition 4.3.2. We mainly prove (ii) here.

First of all, by Proposition 4.1.1, ry = 840 and R = (3,5,7,8) or
(2,3,5,7,8).

For r > 2, we use the inequality (4.3.2) (in the proof of Proposition 4.3.2)
that

“gb(r—jgb) _r*—1_ 7
< — .
; o = (nt3)

Then

=n) =Y Z jbi@“;; jbi)

%

N2 7’L—|—1 7‘2—1 T;
<2 i =
= J+7Z>2 12r, (n+3)

n+1+32—1(n+1)+52—1(n+§)
=73 "12.3 125 3
21 7. 8&—-1 8
t oty gty
19907n 295

10080 " 72

7
<2n+ -
_n+3

as long as n > 71.
Hence
1

P, = ﬁn(n +1)2n+1)(=K%) +2n+1—1(-n)
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1 n? 10

6n3(—K§’() + (Z(—K;’;) - 3) + 2.

By [CCO08], —K% > 5. Hence ™ (—K%) > % whenever n > 71. If m >
71 > /brx, then

>

P> -m*(—K%) +2

vV
| = =

(6rx)m(—K%) + 2

rx(—K3)m + 2.
We finish the proof. O

Theorem 1.2.14 directly follows from Corollary 4.3.1 and Proposition
4.3.3.

4.4 Birationality and generic finiteness

In this section, we consider the birationality and generic finiteness of anti-
pluricanonical maps ¢_,,.

4.4.1 Main reduction

Recall that by Lemma 2.7.2, we can reduce the birationality and generic
finiteness problems on X to that on Y.

Lemma 4.4.1 (cf. [Chenll, 2.6]). Let X be a weak Q-Fano 3-fold and
7w Y — X a resolution. Then, for any m > 0, @_,, is birational (resp.

generically finite) if and only if s0 is @|xy 4 [(m41)m(—K )] -

4.4.2 Key theorem

Let X be a weak Q-Fano 3-fold on which P_,,, > 2 for some integer mg > 0.
Suppose that m; > my is an integer with P_,,, > 2 and that | — m; Kx]|
and | — moK x| are not composed with the same pencil. Recall that, for any
m > 0 with P_,, > 1,

(m) 1, if | — mKx| is not composed with a pencil;
t(m) =
P, —1, if | —mKx]|is composed with a pencil.
Set D := —myKx and keep the same notation as in Section 2.4. We may

modify the resolution 7 in Section 2.4 such that the movable part |[M_,,|
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of [[7*(—mKx)]|| is base point free for all mg < m < m;. Pick a generic
irreducible element S of |M_,,,|. We have

mom (—Kx) = t(mg)S + Fi,

for some effective Q-divisor F,,,. In particular, we see that
Mo

t(mo)

7 (—Kx) — S ~q effective Q-divisor.

Define the real number
o = po([S]) :==inf{t € Q" | tr*(—Kx) — S ~q effective Q-divisor}.

Remark 4.4.2. Clearly, we have pp < —7¢. For all k such that | — kK x| and

(mo)
| — moK x| are composed with the same pencil, we have

k?T*(—Kx) = L(k‘)S + Fk
for some effective Q-divisor Fj, and hence pg < ﬁ
By our assumption on | — m;Kx/|, we know that |G| = |M_,,|s| is a

base point free linear system on S and h°(S,G) > 2. Denote by C a generic
irreducible element of |G|. Since mm*(—Kx) > M_,,,, we have

mlﬂ'*(—KX)'S =C+H

where H is an effective Q-divisor on S.
We define two numbers which will be the key invariants accounting for
the birationality and generic finiteness of ¢_,,. They are

¢ = (" (=Kx) - O)y = (7" (- Kx)|s - C)s and
e(m) := (m+1—po —m)C.

Note that ¢ and e(m) are birational invariants by projection formula. Hence
we can modify 7 if necessary.

While studying the birationality and generic finiteness of ¢_,,, we always
require that the linear system A,, := |Ky + [(m + 1)7*(—Kx)|| satisfies the
following assumption for some integer m > 0.

Assumption 4.4.3. Keep the notation as above.

(1) The linear system A,, distinguishes different generic irreducible ele-
ments of |[M_,,,| (namely, @5, (5") # Py, (S”) for two different generic
irreducible elements S’, S” of |M_,,,|).
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(2) The linear system A,,|s distinguishes different generic irreducible ele-
ments of the linear system |G| = |M_,,|s| on S.

The following is our key theorem.

Theorem 4.4.4 (cf. [Chenll, Theorem 3.5]). Let X be a weak Q-Fano 3-
fold. Keep the notation as above. Let m > 0 be an integer. If Assumption
4.4.3 is satisfied and e(m) > 2 (resp. e(m) > max{2 — ¢g(C),0}), then ¢_,,
is birational (resp. generically finite) onto its image.

Proof. By Lemma 4.4.1, we only need to prove the birationality (resp. generic
finiteness) of ®,, . Since Assumption 4.4.3(1) is satisfied, the usual bira-
tionality principle reduces the birationality (resp. generic finiteness) of @4,
to that of ®,, |s for a generic irreducible element S of |M_,,,|. Similarly,
due to Assumption 4.4.3(2), we only need to prove the birationality (resp.
generic finiteness) of ®,, |¢ for a generic irreducible element C' of |G|. Now
we show how to restrict the linear system A,, to C.

Now assume ¢(m) > 0. We can find a sufficiently large integer n so that

there exists a number (" € QF with 0 < p{"” — po < L Te(m,n)] = [e(m)]

where e(m,n) := (m+1— p{” —m,)¢, and

p"7 (~Kx) ~q S+ B

for an effective Q-divisor E. In particular, e(m,n) > 0. Re-modify our 7
in Section 2.4 so that E™ has simple normal crossing support.
For the given integer m > 0, we have

Ky + [(m+ D" (=Kx) = BEW| 2 [Ky + [(m+ D" (= Kx)]|. - (44.1)

Since €(m,n) > 0, the Q-divisor
(m+ D1 (=Kx) — E™ — 8= (m+1— p{r* (= Kx)
is nef and big and thus
HY(Y, Ky + [(m+ V)" (—Kx) — E™] - S) =0

by Kawamata—Viehweg vanishing theorem. Hence we have surjective map

H(Y,Ky + [(m + D)n*(—=Kx) — BE™]) — H(S,Kg + Lyp,) (4.4.2)
where

Lo 1= ([(m + 17" (~Kx) = EV] = )]s > [Lon] (4.4.3)
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and L, := ((m + )7*(—=Kx) — E™ — S)|5. Moreover, we have
mit* (—Kx)ls=C+ H
for an effective Q-divisor H on S by the setting. Thus the Q-divisor
Loyn—H—C=(m+1—pf" —m)r*(~Kx)|s

is nef and big by €(m,n) > 0. And by Kawamata—Viehweg vanishing theorem
again,

HY(S,Ks+ [Lp,— H]—C)=0.

Therefore, we have surjective map
H(S,Ks+ [Lypn— H]) — H(C, K¢ + Dyp) (4.4.4)
where
Dy = [Linn—H—Cllc > [Dimnl (4.4.5)

and D, ,, = (L, — H — C)|¢ with deg[ Dy, ] > [e(m,n)].

Now by inequalities (4.4.1), (4.4.3), (4.4.5), and surjective maps (4.4.2),
(4.4.4), to prove the birationality (resp. generic finiteness) of ®, |c, it is
sufficient to prove that |K¢ + [Dy,n|| gives a birational (resp. generically
finite) map. Clearly this is the case whenever e(m) > 2 (resp. > 2 — g(C)),
which in fact implies deg([Dy,n]) > [e(m,n)] > 3 (resp. > 3 — g(C)) and
K¢ + [Dp,n] is very ample (resp. defines a finite map). We complete the
proof. n

Corollary 4.4.5. Keep the same notation as above. For any integer m > 0,
set

e(m,0) :==(m+1— L(Tn(:)) —mq)(.

If e(m,0) > 0, then
Am|S t |KS + Lm|

where Ly, == ([(m + D)7* (= Kx) — == Fpny ] — S)|s-

D)
Proof. First of all, relation (4.4.1) reads

1

|KY + f(m + 1)7T*(—Kx) - m

Fao || 2 |Ky + [(m + D7 (= Kx)]].
(4.4.6)
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In fact, as long as €(m, 0) > 0, the front part of the proof of Theorem 4.4.4 is
valid. In explicit, subjective map (4.4.2) reads the following surjective map

1
HY(Y, Ky + [(m+ 1)n*(—Kx) — WF’”OD — H°(S,Ks + L,,) (4.4.7)
0
where
1
Ly, = D' (=Kx) — ——Fn,| — . 4.4.

([m+ D" (k) = s = S)ls. (445)
Hence we have proved the statement. O

4.4.3 Applications

In order to apply Theorem 4.4.4, we need to verify Assumption 4.4.3 and
lower bound of €(m) in advance, for which one of the crucial steps is to
estimate the lower bound of (.

Proposition 4.4.6 (cf. [Chenll, Theorem 3.2]). Let m > 0 be an integer.
Keep the same notation as in Subsection 4.4.2.

(i) If g(C) > 0 and e(m) > 1, then ¢ > 22Q1=2tm] .

m

(i) Moreover, if g(C') > 0, then

c> 200 -1
T po+my

(iii) If g(C) =1, then ¢ > i, where Tmax = max{r; € Bx} is the maxi-
mum of local indices of singularities;

(iv) If g(C) =0, then ( > 2;

(v) If i°(—vKx) > 0 for some integer v, then ( > —=

VTmax

Proof. (i). In the proof of Theorem 4.4.4, if g(C') > 0 and e(m) > 1 then
|K¢ + [Dynn || is base point free with

deg(Kec + [Dmnl]) = 29(C) — 2+ [e(m,n)] =2g(C) — 2+ [e(m)].

Denote by N, the movable part of |Kg + [L, — H]|. Recall that M_,, is
the movable part of |mn*(—Kx)| and

HY(|m7"(=Kx)]) = H'(Ky + [(m + 1)7" (= Kx)]).
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Noting the relations (4.4.1), (4.4.2), and |Ks+ [Lomn — H|| 2 |Ks+ [Limn]]
while applying [Chen01, Lemma 2.7], we get

mﬂ-*(_KXNS Z M—m|S Z Nm
and NV,,|c > K¢ + [ Dy since the latter one is base point free. So we have
m¢ =mn*(—Kx)|s - C > N, - C > deg(Kc + [Dnl)-

Hence

m¢ = 29(C) =2+ [e(m)].

(ii). Take m’ = min{m | ¢(m) > 1}, then (i) implies ¢ >
29(C)
po+mi

29(C)

ml

. We may

assume that m’ > ug + mq otherwise ¢ > . Hence

e(m' —1) = (m =1+ 1—po—mi)¢
2g(C)_

m/

> (m' = g — my)

By the minimality of m/, it follows that ¢(m’ — 1) < 1. Hence m' <

2g(C
#(MO + ml). Then

20(C) _ 24(C) 1
m T o +my

¢

(iii). If g(C') = 1, then

(
(
= (-Kg-C)s+(S-C+E,-C)y
(CHg+ (S C+ Ey-O)y.

Since C is free on the smooth surface S, (C?)g, (S - C)y, and (E, - O)y
are non-negative. Since (C?)g and (S - C)y are integers, we may assume
(C?)s = (S-C)y =0 otherwise ¢ > 1. Hence ( = E, - C.

On the other hand, take ¢ : W — X is the resolution of isolated singu-
larities and we may assume that ¥ dominates W by p : Y — W. Then we
write

A_Z%Ei

73

Here



where F; is the exceptional divisor over an isolated singular point of index r;
for some r; € By and a; is a positive integer. Then

Take rpax = max{r;}. Then all the coefficients of E, are larger than - L
since Ky —p* Ky is integral and effective and Supp(E,) = Supp(Ky —p*KVI/nji
p;!A). By E, - C = ( >0, we know that there is at least one component E
of E, such that £-C > 0. Then E, - C > Tl' E-C> Tl' )

(iv). If g(C) = 0, then o o

(= (m"(=Kx)|s - C)s = ((=Ky + Er)|s - C)s
> (—Kyls-C)s > (—=Kg-C)g > —deg(K¢) = 2.

(v). If h°%(—vKx) > 0 for some integer v, then —vKx ~ D for some
effective Weil divisor D. Similarly as (iii), 7*D is an effective Q-divisor with
all the coefficients larger than % By m*D - C = v{ > 0, we know that
there is at least one componentmaf)l of 7*D such that D; - C' > 0. Then

(=imD-C>_-2-D;-C> - O

VTmax — VTmax

To verify Assumption 4.4.3(1), we have the following proposition.

Proposition 4.4.7 (cf. [Chenll, Proposition 3.6]). Let X be a weak Q-
Fano 3-fold. Keep the same notation as Subsection 4.4.2. Then Assumption
4.4.3(1) is satisfied for all

m >

mo + 6, if mg > 2;
2, meo = 1

Proof. We have

Ky + [(m + Dr*(~Kx)]
> Ky + [(m = my + D (—Kx) + My, ]
= (Ky + [(m — mo + D" (~Kx)]) + Moy
> M_pny.

The last inequality is due to
hO(Ky + [(m — Mo + 1)7T*(—Kx)—|) = ho(—(m — mo)KX) >0

by Lemma 4.4.1 and [Chenl11, Appendix], since m—mg > 6 whenever mgy > 2
(resp. > 1 whenever mg = 1).
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When f:Y — I'is of type (fup), [Tan71, Lemma 2] implies that A, can
distinguish different generic irreducible elements of |M_,,,|. When f is of
type (fp), since the rational (i.e. I' = P') pencil [M_,,,| can already separate
different fibers of f, A,, can naturally distinguish different generic irreducible
elements of |M_,,,|. O

It is slightly more complicated to verify Assumption 4.4.3(2).

Lemma 4.4.8 (cf. [Chenll, Lemma 3.7]). Let T be a smooth projective
surface with a base point free linear system |G|. Let Q) be an arbitrary Q-
divisor on T'. Denote by C' a generic irreducible element of |G|. Then the
linear system |Kr + [Q] + G| can distinguish different generic irreducible
elements of |G| under one of the following conditions:

(i) |G| is not composed with an irrational pencil of curves and Kr + [Q]
is effective;

(i1) |G| is composed with an irrational pencil of curves, g(C') > 0, and Q is
nef and big;

(111) |G| is composed with an irrational pencil of curves, g(C) =0, Q is nef
and big, and Q) - G > 1.

Proof. The statement corresponding to (i) follows from [Tan71, Lemma 2]
and the fact that a rational pencil can automatically separate its different
generic irreducible elements.

For situations (ii) and (iii), we pick a generic irreducible element C' of |G].
Then, since h(S, G) > 2, G = sC for some integer s > 2 and C? = 0. Denote
by C} and Cy two generic irreducible elements of |G| such that C,+Cy < |G].
Then Kawamata—Viehweg vanishing theorem gives the surjective map

HY(T,Kr+ [Q] +G) — H°(C, K¢, + D1) ® H°(Cy, K¢, + Ds)

where D; := ([Q] + G — C})|¢, with deg(D;) > Q - C; > 0 for i = 1,2.

If g(C) > 0, Riemann-Roch formula gives h°(C;, K¢, + D;) > 0 for i =
1,2. Thus |Kr + [@Q] + G| can distinguish C and Cs.

If g(C) =0and Q-C > 1, then h°(C;, K¢, + D;) > 0 for i = 1,2. So
|Kr + [Q] + G| can also distinguish C} and Cs. O

Proposition 4.4.9 (cf. [Chenll, Proposition 3.8, 3.9]). Let X be a weak
Q-Fano 3-fold. Keep the same motation as in Subsection 4.4.2. Then As-
sumption 4.4.3(2) is satisfied for all

mo +my +6, if mg > 2;
m >
m1+2, me():l
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Proof. Assuming m > mg + m;y, we have ¢(m,0) > 0, and Corollary 4.4.5
implies that

It suffices to prove that |Kg+ L,,| can distinguish different generic irreducible
elements of |G].
For a suitable integer m > 0, we have the following relations:

@mes

> (Ky + [(m+1—mo—my)n" (=Kx)])|s + M_n, |s-

K+ Ln = (Ky)ls + [(m + )" (= Kx) —

Thus, if |G| is not composed with an irrational pencil of curves, |Kg + L,|
can distinguish different irreducible elements provided that

Ky +[(m+1—mg—m)n*(—Kx)]

is effective, which holds for m — mg — m; > 6 whenever my > 2 (resp. > 1
whenever mg = 1) by [Chenll, Appendix].
Assume |G| is composed with an irrational pencil of curves. we have

Ks+ Ly, > Ks+ [L,)]

= K+ [((m + D (—Ky) - ﬁFm — 8)ls]
> Ko+ [((m —my + 1) (= Kx) — ﬁFm — ) g] 4 Mo s

We can take Q = (m —my + 1)7"(—Kx) — mFmo — 5)|s in Lemma 4.4.8
since €(m,0) > 0.

If g(C) > 0, Lemma 4.4.8(ii) implies that Assumption 4.4.3(2) is satisfied
for m > mgo + my.

If g(C) = 0, by Lemma 4.4.8(iii), we need the condition ¢(m,0) = (m +
1 -2 —my)¢{ =@ -C > 1. But this holds automatically for m > mg + m;
by Proposition 4.4.6(iv).

We complete the proof. m

Now we can treat the birationality of ¢_,, using Theorem 4.4.4.

Theorem 4.4.10 (cf. [Chenll, Theorem 4.1, 4.2, 4.5]). Let X be a weak
Q-Fano 3-fold. Let vy be an integer such that h°(—vyKx) > 0. Keep the

same notation as in Subsection 4.4.2. Then ¢_,, is birational onto its image
if one of the following holds:

(i) m > max{mg + mq + a(myg), |3uo0] + 3m1};
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(it) m > max{mg +my + a(mo), [ 210 + 2ma ], [fio] + M1 + 2rmax};
(iii) m > max{mg + my + a(mo), [tto] + M1 + 200 max },

67 meO > 27
1, ifm=1.

where a(mg) = {

Proof. By Propositions 4.4.7 and 4.4.9, Assumption 4.4.3 is satisfied if m >
mo + my + a(my).

By Proposition 4.4.6(v), ¢ > Voémx. If m > |po| + m1 + 2007 max, then
e(m) = (m+1— pp —my)¢ > 2, which implies (iii).

For (i) and (ii), we will discuss on the value of g(C).

Case 1. g(C) =0.

By Proposition 4.4.6(iv), ¢ > 2. If m > |[puo] +my + 1, then ¢(m) =
(m+1—pg—mq)¢ > 2.

Case 2. g(C) > 2.

By Proposition 4.4.6(ii), ¢ > uoﬁmf If m > |[3p0 + 2mq] then e(m) >
(m+1—po—mq)¢ > 2.

Case 3. g(C) = 1.

By Proposition 4.4.6(ii), ¢ > Hojml. If m > [3po] + 3my, then e(m) =
(m+1—pp—my)¢ > 2. So we have proved (i). On the other hand, by
Proposition 4.4.6(iii), ¢ > Tr: S IEm > o) + ma + 2rmax, then e(m) =
(m+1—pug—my)¢ > 2. Thus (ii) is proved. O

Similarly, we have a generic finiteness criterion.

Theorem 4.4.11. Let X be a weak Q-Fano 3-fold. Keep the same notation
as in Subsection 4.4.2. Then ¢_,, is generically finite onto its image if one
of the following holds:

(1) m > max{mo + mq + a(mo), 210 + 2m1};
(i) m > max{mg + my + a(mo), [to] + M1 + Tmax },

67 meO > 27
1, ifm=1.

where a(mg) = {

Proof. By Propositions 4.4.7 and 4.4.9, Assumption 4.4.3 is satisfied if m >
mo + my + a(myg).
We will discuss on the value of g(C).

Case 1. g(C) = 0.

7



By Proposition 4.4.6(iv), ¢ > 2. If m > |puo] +m1 + 1, then ¢(m) =
(m+1—po—m)¢ > 2.

Case 2. g(C) > 2.

If m > |po| +my then e(m) > (m+1— py —mq)¢ > 0.

Case 3. g(C) = 1.

By Proposition 4.4.6(ii), ¢ > ;. If m > |240] + 2m, then e(m) =
(m+1—po—my)¢ > 1. So we have proved (i). On the other hand, by
Proposition 4.4.6(iii), ¢ > —. If m > |uo] + m1 + Tmax, then e(m) =

Tmax

(m+1— po—mq)¢ > 1. Thus (ii) is proved. O

In practice, usually we just use the fact pg < L(Tn—oo) < mg. For very few
cases, we will utilize a precise upper bound of g rather than my by Remark
4.4.2.

Theorems 4.4.10 and 4.4.11 are optimal in some cases due to the following
examples.

Example 4.4.12 ([IF00, List 16.6]). Consider general weighted hypersurface
Xea C P(1,a,b,2d,3d) where 1 < a < b and d = a + b such that X4 is a
Q-Fano 3-fold with ry., = d. By [IF00, List 16.6], there are exactly 12 such
examples. Then ¢_34 is birational onto its image but ¢_(34—1) is not, and
©_2q is generically finite onto its image but ¢_(24_1) is not.

On the other hand, We can take vy = 1, my = g = a and m; = b, then

3d = [3u0] + 3
- U'LOJ +mqi + 2Tmax
= \_,UOJ +my + 21/071max

and

- LMOJ + mq + Tmax-

Hence Theorems 4.4.10 and 4.4.11 tell that ¢_,, is birational onto its image
for m > 3d, and ¢_,, is generically finite onto its image for m > 2d.

Theorems 4.4.10 and 4.4.11 directly imply the following result which gen-
eralizes a result of Fukuda [Fuk91, Main theorem].

Corollary 4.4.13. Let X be a weak Q-Fano 3-fold with Gorenstein singu-
larities. Then ¢_,, is birational (resp. gemerically finite) onto its image for
all m >4 (resp. > 3).
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Proof. By Reid’s formula, P_; = $(—K%) + 3 > 3. Hence we can take
mo = 1y = 1.

If | = Kx| is not composed with a pencil, then we can take m; = 1 and
po < mg = 1. And the result follows directly from Theorems 4.4.10(iii) and
4.4.11(ii).

If | — Kx| is composed with a pencil, then py < L(:@—% < % By Reid’s
formula again, P = 3(—=K%) +5 > rx(—K%)2+ 1. We can take m; = 2
by Corollary 4.3.1. And the result follows directly from Theorems 4.4.10(iii)
and 4.4.11(ii). O

4.4.4 Proof of Theorems 1.2.11 and 1.2.15
Now we prove our main results on the birationality of ¢_,,.

Proof of Theorem 1.2.11. To apply Theorem 4.4.10, we always use the fact
po < mg. By [CCO8, Theorem 1.1] and Theorem 1.2.9, we can take mo < 8
and m; < 10 to apply Theorem 4.4.10(i) and (ii). Hence mgo +my +6 < 24
and %(mo +my) < 30. By Theorem 4.4.10, it is sufficient to prove that either
3mg + 3m; < 39 or mgy + mq + 2rmax < 39 holds if we choose suitable mq and

my. (Note that 1 is not used in this proof.)

Case 1. P_; > 2.

In this case, we can take mg = 1 and m; < 6 (resp. m; = 1 whenever
P_y > 2) by Theorem 4.2.8. Hence 3mgy + 3m; < 21 (resp. < 6 whenever
P_; > 2). This proves Corollary 1.2.12.

Case 2. P_; = 1.

Recall the proof of Theorem 4.2.10. We take mg = ng. If mg < 5, then
we can take m; < 7 and hence 3mg + 3m; < 36. Similarly, if my = 6 and if
we can take mq; < 7, then 3mg + 3m; < 39.

If mg = ny = 6 and §;(X) = 8, we can take m; = 8. Theorem 4.2.4
implies that

P,=Py=P3=P =P ;=1P¢s=P ;=2

Thennl, =2,n)y=2,n), =2—05,65 =2—05,0=¢; = 3—¢. Hencee =3
and o5 < 2, and this implies (05,ny;) = (2,1). Then €5 = 0 and B®)(B) =
{2x(1,2),2 x(1,3),(1,5),(1,s)} for some s > 6. This implies e; = 0 since
there are no further packings. On the other hand, e; = 2 — 205 +2n{ 5 +n{ 4.
Hence nfg = 0 and B™ = {2 x (1,2),2 x (1,3),(1,5), (1, )} with s > 7.
Since B admits no prime packings, B = B(T. By inequalities (4.2.3) and
(4.2.4), s can only be 8,9,10. Hence mg+ m + 2rpa. < 6 +8+2 x 10 = 34.
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If mg =mng > 7, then
P,=Py=P3=P  ,=P5s=Pg45=1.

The proof of Theorem 4.2.10 implies B®) = {(1,2), (2,5), (1,3), (1,4),(1,5)}
with s > 6. Since v(B®) > 0, we have s < 11. Noting that B is dominated
by B®) | we see Ty < 11. By Theorem 4.2.10, we can take mg < 8 and
my1 < 9. Hence mg + my + 2rpax < 8+9+2 x 11 = 39.

Case 3. Py =P_,=0.

By the proof of Theorem 4.2.12 and Theorem 4.2.15, if B is of type No.1,
No.2 or No.4, then we have r., < 10 and may take my = 8, m; = 10. Hence
mo + my + 2rmax < 8+ 10+ 2 x 10 = 38. If B is of type No.5-No.6, then
we have ry. < 7 and may take mg = 7, my = 8. Hence mg + mq + 2rpa <
T+8+2x7=29. If Bis of type No.7-No.23, then we can take my = m; = 6.
Hence 3mg + 3m; < 36. Now the remaining case is type No.3:

{5 x (1,2),2 x (1,3), (3, 11)}.

Recall that P.g = P_g = 2 and —4Kx ~ FE is a prime divisor by the proof
of Theorem 4.2.15(i). By the proof of Theorem 4.2.4, | — 8 Kx| has no fixed
part. If | — 8K x| and | — 9K x| are composed with a same pencil, we can
write

|~ 8kx| = |9,
| — 9Kx| =[5+ F,
where F' is the fixed part. This implies that
~Ky ~ —9Kx — (—8Kx) = F,
which contradicts P_; = 0. Hence | —8K x| and | — 9K x| are composed with

different pencils, and we can take mg = 8, m; = 9 and mg+mq 4+ 2rnax = 39.

Case 4. P_1 =0,P_ > 0.

By [CCO08, Proposition 3.10, Case 1], we can take my = 6. We can take
m; the same as in the proof of Theorem 4.2.12 and Theorem 4.2.15. If
my < 6, then 3mg + 3my < 36. If my > 7, observing Subsubcase 11I-3-ii and
Subsubcase [1-3-iii in the proof of Theorem 4.2.12, we can see that r., < 11
holds for any such basket except

By ={4x(1,2),(6,13), (1,5)}.
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Except for B,, we have mg 4+ mq + 2rpa < 64+8+2 x 11 = 36. Now we deal
with By. We claim that we can take m; = 7. Recall that

P,=P43=0P,=P,=Ps=1P¢s=P ;=2

Clearly | —6K x| and | — 7K x| are both composed with pencils. We only need
to show that they are composed with different pencils. To the contrary, we
assume that | — 6K x| and | — 7K x| are composed with the same pencil. If
—2Kx ~ D is a prime divisor, then by the proof of Theorem 4.2.4, | — 6K x|
has no fixed part. By assumption, we can write

| - 6Kx| =19,
| —TKx|=|S'| + F,

where F' is the fixed part. This implies that
—Kx ~—-TKx — (—6Kx) =F,

a contradiction. Hence —2Kx ~ D is not a prime divisor. By the proof of
Theorem 4.2.15(ii), D = FE; + E, with E; and FE, different prime divisors.
Also we can write

’ — 6Kx| = |S/| + CL6E1,
| - 7TKx| = |S'| + F,

where agF; and F' are the fixed parts with ag < 3. If ag < 1, then
S/ ~ 3(E1 + EQ) - CL6E1 2 2E1 + 2E2 ~ —4Kx.

This implies | — 7TKx| = | — 4K x|, which contradicts P_3 = 0. If ag = 3,
as in the proof of Theorem 4.2.2, take m = 6 and £ = E; or 2F; or 3E,
inequality (4.2.1) must fail for some singularity P in By. Clearly, such an
offending singularity P must be “(6,13)”. By equality (4.2.2), the local
index ip(F) of E can only be 9 or 11 since inequality (4.2.1) holds for other
0 <i<12and (b,r) = (6,13). But clearly the local index ip(E}), ip(2E1),
and ip(3F;) can not be in the set {9,11} simultaneously, a contradiction.
Finally we consider the case ag = 2. Write —5Kx ~ B a fixed divisor. Then

B+ S +26, ~ 5Ky —6Kx ~ —4Kx —TKx ~2E, +2FE,+ S+ F,

that is, B ~ 2E5 + F. Obviously, ' # 0. As in the proof of Theorem 4.2.2,
take m = 5 and £ = E; or 2E), inequality (4.2.1) must fail for some singu-
larity P in By. Clearly, such an offending singularity P must be “(6,13)”.
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By equality (4.2.2), the local index ip(E) of E can only be 10 or 11 since
inequality (4.2.1) holds for other 0 < i < 12 and (b,7) = (6,13). But clearly
the local index ip(F1), ip(2FE;) can not be in the set {10, 11} simultaneously,
a contradiction.

We complete the proof. m

Note that Theorem 1.2.13 follows from the proof of Theorem 1.2.11 and
Theorem 4.4.11.

Proof of Theorem 1.2.15. We shall apply Theorem 4.4.10 to treat arbitrary
weak Q-Fano 3-folds. We will choose suitable mg and m;. Unless otherwise
specified, we will use the fact g < my.

Case I. P, =0.

In this case, the possible baskets are classified in Proposition 4.2.14. From
the list we can take mg = 8. And we have rx < 210, —K% > 4, and
rmax < 14. By Proposition 4.3.2 with ¢t = 8, we can take m; = 38. Hence by

Theorem 4.4.10(ii), ¢_,, is birational onto its image for all m > 76.
Case II. r . > 14.
Write Reid’s basket By as

{(biyr;) |1 =1, ,50<b < %;bi is coprime to r;}.

Recall that rx = Lem.{r; |i=1,---,s} and that

S (- 1) < 24

i Ti
by inequality (4.1.1). We recall the sequence R = (r;); from the proof of
Proposition 4.1.1. Denote by 7y = rp.c the largest value in R, by 79 the
second largest value, by 73, 74 the third, the forth, and so on. For instance,
if R =(2,3,4,4,5,5), then 71 =5, 79 = 4, 73 = 3, and 7y = 2. If the value
7; does not exist by definition, then we set 7; = 1. In the previous example,
we have 75 = 1.

Clearly rpax < 24. We will compute an explicit bound for rx.

If rmax > 23, then by inequality (4.1.1), there are no more values in R.
Hence rx < 24.

If 20 < ryax < 22, then by inequality (4.1.1), 75 < 4. Hence

rx < lecm(rpax, 4,3,2) = 132.

If 7max = 19, then by inequality (4.1.1), 7o < 5, and at most one of 3,4,5
can be in R. Hence ry <19 x 5 x 2 = 190.
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If rmax = 18, then by inequality (4.1.1), 75 < 6, and at most one of
3,4,5,6 can be in R. Hence ry < 18 x 5 = 90.

If rpax = 17, then by inequality (4.1.1), 7, < 7. If 75 > 5, then by
inequality (4.1.1), 73 < 2 and hence 7x < 17 x 7 x 2 = 238. If 75 < 4, then
ry < lem(17,4,3,2) = 204.

If rmax = 16, then by inequality (4.1.1), 7o < 8. If 75 > 6, then by
inequality (4.1.1), 73 < 2 and hence ry < 16 x 7 = 112. If 7, < 5, then
rx <l.cm(16,5,4,3,2) = 240.

If rmax = 15, then by inequality (4.1.1), 7o < 9. If 75 > 6, then by
inequality (4.1.1), 73 < 3 and hence rx < lLem(rpax, 72,3,2) <15 X 7x 2 =
210. If 75 < 5, then ry < Le.m(15,5,4,3,2) = 60.

If rmax = 14, then by inequality (4.1.1), 7o < 10. If 75 > 8, then by
inequality (4.1.1), 73 < 2 and hence 7y < 14 x 9 = 126. If 75 < 7, then rx
divides l.c.m(14,6, 5,4, 3,2) = 420. But by inequality (4.1.1), 5,4, 3 can not
be in R simultaneously, hence ry < 420. In particular, ry < 210.

In summary, when 7.« > 14, we have rx < 240.

We can take my = 8 by [CC08, Theorem 1.1]. And we have rx < 240,
-K$ > ﬁ (note that ry K% is an integer), and 7pa < 24. If 7o < 22,
by Proposition 4.3.2 with t = 6, we can take m; = 44. Hence by Theorem
4.4.10(ii), ¢_,, is birational onto its image for all m > 96. If r.x = 23 or 24,
by Proposition 4.3.2 with t = 2, rxy <24, —K3% > i, we can take m; = 37.
Hence by Theorem 4.4.10(ii), ¢_,, is birational onto its image for all m > 93.

Case III. r .« < 14 and P_; > 0.

In this case, vy = 1 and by [CC08, Theorem 1.1], we can take mg = 8.

If rx < 660 and 7. < 12, then by Proposition 4.3.2 with ¢ = 15,
Tmax < 12, and —K% > 3—3,)0, we can take m; = 65. Hence by Theorem
4.4.10(iii), ¢_, is birational onto its image for all m > 97.

If rx <660 and 7. = 13, Then 75 < 11. If 79 > 9, then 73 < 2 and
rx < 286. If 7o = 8, then 73 < 3 and rx < 312. If 79 = 7, then 73 < 4
and 3,4 can not be in R simultaneously, hence rx < 546. If 75 < 6, then rx
divides 780 and hence rx < 390 by Proposition 4.1.1. In summary, rx < 546.
By Proposition 4.3.2 with ¢ = 10, rmax = 13, and —K% > 555, we can take
my = 61. Hence by Theorem 4.4.10(iii), ¢_,, is birational onto its image for
all m > 95.

If rx > 660, then rx = 840 and ry.x = 8. By Theorem 1.2.14, we can
take m; = 71. Hence by Theorem 4.4.10(iii), ¢_,, is birational onto its image
for all m > 95.

Case IV. rp.. < 14, Py =0, and P_5 > 0.
In this case, vy = 2 and by [CCO08, Proposition 3.10, Case 1], we can take
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moy = 6.

If Py =1, then P, = 1. By the proof of Theorem 4.2.12 (note that
the arguments on baskets are valid without assuming p = 1), we are exactly
in the situation (P_3, P_4) = (0,1), corresponding to the last paragraph
of Subsubcase I1-3-iii of Theorem 4.2.12. In fact, the possible baskets are
classified in the following list:

{9 x(1,2),(1,3),(1,7)},
{8x(1,2),(2,5),(1,7)},
{8 x(1,2),(2,5),(1,6)},
{7x(1,2),(3,7),(1,6)},
{6 % (1,2),(4,9),(1,6)},
{7x(1,2),(3,7),(1,5)},
{6 x(1,2),(4,9),(1,5)},
{5 x(1,2),(5,11),(1,5)},
{4 x (1,2),(6,13),(1,5)}.
Hence in this case ry < 130, —K% > ﬁ, and 7. < 13. By Proposition

4.3.2 with t = 7, we can take m; = 37. Hence by Theorem 4.4.10(iii), ¢_,
is birational onto its image for all m > 95.

Hence, from now on, we assume that P_4 > 1. So we may take mg = 4.

If rmax < 8, then rx divides l.c.m(8,7,6,5,4,3,2) = 840. Suppose ry <
840, then rx < 420. By Proposition 4.3.2 with ¢ = 20 and —K% > 55, we
can take m; = 54. Hence by Theorem 4.4.10(iii), ¢_,, is birational onto its
image for all m > 90. Suppose rx = 840, then R = (3,5,7,8) or (2,3,5,7,8)
as we have seen in the proof of Proposition 4.1.1. However,

P,y = 1(—17(;"’;) —ZM+3

2
1 2 6 12 15
————————— — 4.4.
>3 4 6 10 14 16>0’ (44.9)
a contradiction.
The above argument reminds us to find a condition corresponding to

P_; = 0. Assume that 2 is not in R, then

Py =S (-K%) —Z% +3



a contradiction. Hence, 2 € R.

Consider the case rp. = 9. If 75 < 6, then ry < l.c.m(9,6,5,4,3,2) =
180. If 75 = 8, then by inequality (4.1.1) and 2 € R, 7o < 5 and ry <
l.cm(9,8,5,4,3,2) = 360. If 7o =7 and 5 € R, then

ry <lem.(9,7,6,4,3,2) = 252.

If 7o =7and 5 € R, then 6 ¢ R and ry divides l.c.m(9,7,5,4,3,2) = 630.
In summary, ry < 360 or rxy = 630. Whenever rx < 360, by Proposition
4.3.2 with t = 12 and —K% > 555, we can take m; = 50. Hence by Theorem
4.4.10(iii), ¢, is birational onto its image for all m > 90. Whenever rx =

630, then 2,5,7,9 must be in R. Hence R = (2,5,7,9) or (2,2,5,7,9) by
inequality (4.1.1). In this case, arguing as inequality (4.4.9), Bx can only be
{2 x(1,2),(2,5),(3,7),(4,9)}. We will choose suitable m; and modify the
upper bound of . Since P_y = 2, | —4K x| is composed with a pencil. Note
that Py = 10 and P_3 = 1. If | — 7K x| is not composed with a pencil, then
we can take m; = 7. By Theorem 4.4.10(ii), ¢_,, is birational onto its image
for all m > 29. If | — 7K x| is also composed with a pencil, then we know
o < £ by Remark 4.4.2. Also we can see P_g; = 5294 > ry(—K%)61 +1
by direct computation where —K% = %. Hence we can take m; = 61
by Corollary 4.3.1. Hence by Theorem 4.4.10(iii), ¢,, is birational for all
m > 97.

Consider the case . = 10. If 7y < 6, then rx <l.c.m(10,6,5,4,3,2) =
60. If 7o = 7, then rx divides l.c.m(10,7,5,4,3,2) = 420, but 3,4 can not
be in R simultaneously, hence rx < 210. If 75 = 8, then r3 < 4 and rx <
Lemn(10,8,4,3,2) = 120. If 75 = 9, then 73 < 3 and ry < Lean(10,9,3,2) =
90. Hence in summary, rx < 210. By Proposition 4.3.2 with ¢ = 10 and
—K% > 55, we can take m; = 39. Hence by Theorem 4.4.10(ii), ¢_, is
birational onto its image for all m > 71.

Consider the case 7. = 11. If 75 = 10, then 73 < 2 and rx < 110. If 7y =
9or 8, then 73 < 3 and ry < 264. If 75 = 7, then 73 < 4 and 3, 4 can not be in
R simultaneously, hence rx < 308 or rx = Le.m(11,7,3,2) = 462. If 75 = 6,
then 5,4 can not be in R simultaneously, hence ry < l.c.m(11,6,5,3,2) =
330. If 7o < 5, then rx divides l.c.m(11,5,4,3,2) = 660. In summary,
rx < 330 or rx = 462 or rx = 660. Whenever rx = 660, then 2,3,4,5,11
must be in R. Hence R = (2,3,4,5,11) by inequality (4.1.1). Arguing as
inequality (4.4.9), this implies P_; > 0, a contradiction. Whenever ry < 330,
by Proposition 4.3.2 with ¢ = 13 and —K% > ﬁ, we can take m; = 48.
Hence by Theorem 4.4.10(ii), ¢_,, is birational onto its image for all m >
86. If rxy = 462, then 2,3,7,11 must be in R. Hence R = (2,3,7,11) or
(2,2,3,7,11) by inequality (4.1.1). Arguing as inequality (4.4.9), Bx can
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only be {2 x (1,2),(1,3),(3,7),(5,11)}. In this case we can prove P_5 =
2612 > rx(—K%)52 + 1 by direct computation where —K% = %. Hence we
can take m; = 52. By Theorem 4.4.10(ii), ¢_,, is birational onto its image
for all m > 93.

Consider the case ry.c = 12. Then 75 < 10 and at most one of 5,6,7,8,9,10
will be in R. Hence ry < 84. By Proposition 4.3.2 with ¢t = 5 and — K% > é,
we can take m; = 37. Hence by Theorem 4.4.10(ii), ¢_,, is birational onto
its image for all m > 68.

Finally, consider the case rp.c = 13. Then 75 < 9. If 75 = 9 or 8, then
73 < 2and ry < 234. If 79 = 7, then 73 < 3 and rx = 546 or 182. If
79 < 6, then rx divides 780 and hence ry < 390 by Proposition 4.1.1. In
summary, rxy < 390 or rx = 546. Whenever rxy < 390, by Proposition
4.3.2 with t = 12 and —Kg’( > ﬁ, we can take m; = 52. Hence by The-
orem 4.4.10(ii), ¢_,, is birational onto its image for all m > 93. Whenever
rx = 546, then R = (2,3,7,13). Argue as inequality (4.4.9), By can only
be {(1,2),(1,3),(3,7),(6,13)}. We will choose suitable m; and modify the
upper bound of pg. Since P_y = 2, | —4K x| is composed with a pencil. Note
that P_jp = 21 and P_g = 5. If | = 10K x| is not composed with a pencil, then
we can take m; = 10. By Theorem 4.4.10(ii), ¢_,, is birational onto its image
for all m > 40. If | — 10K x| is also composed with a pencil, then we know
pio < 3 by Remark 4.4.2. Also we can prove P_5; = 3540 > ry(—K%)57 + 1
by direct computation where —K% = 5L, Hence we can take m; = 57. By

546
Theorem 4.4.10(ii), ¢_,, is birational onto its image for all m > 95. O
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On birational geometry of
minimal threefolds with

numerically trivial canonical
divisors

In this chapter, we investigate minimal 3-folds with K = 0. We will prove
Theorems 1.2.17 and 1.2.18.
For the convenience, we introduce the following definition.

Definition 5.0.14. (X, L,T) is called a polarized triple if X is a minimal
3-fold with ¢(X) =0 and Kx =0, L is a nef and big Weil divisor, and T is
a numerically trivial Weil divisor on X.

Note that we assume ¢(X) = 0 in the definition. The case that ¢(X) > 0
is relatively easy and we treat it in Section 5.2 (see Theorem 5.2.2).

This chapter is organized as follows. We collect some facts in Section
5.1. We treat the Gorenstein case as a generalization of Fukuda and Oguiso—
Peternell’s results in Section 5.2. We study the birationality of polarized
triples in Section 5.3 and give an effective criterion for the birationality of
linear systems. In the last section, to apply the birationality criterion, we
estimate several quantities of polarized triples. As applications, we prove
Theorems 1.2.17 and 1.2.18.

5.1 Some facts about minimal 3-folds with
K=0

We collect some facts about minimal 3-folds with K = 0 proved by Kawamata
[Kaw86] and Morrison [Mor86].
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By Kawamata [Kaw85, Theorem 8.2], Kx ~g 0 and we define the global
index

I(X) =min{m € N| mKx ~ 0}.
Note that i(X)[1(X).

Theorem 5.1.1 ([Kaw86, Mor86]). Let X be a minimal 3-fold with Kx = 0.
The following facts hold:

(1) 0 < x(Ox) <4
(1) x(Ox) =0 if and only if X has Gorenstein singularities;
(111) If ¢(X) > 0, then X is smooth;
() If ¢(X) =0 and x(Ox) > 2, then I1(X) € {2,3,4,6};
(v) If (X) =0 and x(Ox) =1, then
I(X) € {2,3,4,5,6,8,10,12};
(vi) If I(X) € {5,8,10,12}, then x(Ox) =1, q¢(X) = h*(Ox) =0, i(X) =

I(X), and the singular points can be described explicitly by Morrison
[Mor86, Proposition 3].

Proof. (i) is proved by Kawamata [Kaw86, Theorem 3.1]. (ii) is a direct
consequence of equality (2.5.1). (iii) is proved by Kawamata [Kaw85, Kaw86]
(see [Mor86, Section 1]). (iv) is proved by Morrison [Mor86, Proposition 1,
Proof of Theorem 1] and (v) is proved by Morrison [Mor86, Proposition 3,
Proof of Theorem 2]. (vi) is a direct consequence of (ii)-(v) and Morrison
[Mor86, Proposition 3]. O

5.2 (Gorenstein case

Throughout this section, we assume that X is a minimal Gorenstein 3-fold
with Kx = 0 and L is a nef and big Weil divisor on X. Note that L is
a Cartier divisor since i(X) = 1. Recall that we have a canonical model
p: (X,L) = (Z,H) such that Z is a 3-fold with canonical singularities and
WKz = Kx, H is an ample Catier divisor with L = p*H (cf. [OP95, Lemma
0.2]).

Lemma 5.2.1 (cf. [OP95, Lemma 1.1)). Let D be a divisor on X. Then
(i) (D-L*)?* =z (D*- L)(L%);
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(ii) D-L*= D?. L mod 2;
(iii) If D-1> =1 and D*- L >0, then D*- L = L% — 1.

Proof. See the proof of [OP95, Lemma 1.1]. Note that Kx = 0 is sufficient
in the proof. [

We prove Theorem 1.2.17 for the Gorenstein case. It is a direct general-
ization of Fukuda [Fuk91] and Oguiso—Peternell [OP95], and we follow their
ideas.

Theorem 5.2.2. Let X be a minimal Gorenstein 3-fold with Kx =0, a nef
and big Weil divisor L, and a Weil divisor T = 0. Then |Kx +mL + T|
gives a birational map for all m > 5.

Proof. Note that L and T are Cartier divisors since ¢(X) = 1.
Case 1. dim @1 (X) > 1.
Take a resolution 7 : Y — X. Consider the linear system |Ky 4+ mn*L +
7*T|. Note that
dim CI>|7F*L|<Y) = dim (I)‘L‘(X) Z 1.

By [Fuk91, Key Lemma] with R = 7*L, ro = 4, and r; = 1, |Ky + mn*L +
7*T| gives a birational map for all m > 5. So |Kx+mL+T| gives a birational
map for all m > 5.

Case 2. dim @7 (X) <0.

In this case, since h°(L) > 0 by Riemann—Roch formula, we have h°(L) =
1. By Riemann—Roch formula again,

1
h°(2L) = 6(23 —2)L* +2R°(L) = L* + 2.

First, we assume that |2L| is composed with a pencil of surfaces. Set
D := 2L and keep the same notation as in Section 2.4. Then we have

27*(L) > M = aS > (h°(2L) — 1)S = (L* + 1)S.

Thus we have 23 > (L3 + 1)(7*(L)? - S). This implies that L? - 1,5 =
7*(L)*- S = 1 since 7*(L)*- S > 0. On the other hand, L - (71.5)* =
(L) - 7*m,.S - S > 0. Hence by Lemma 5.2.1(iii), L - (m,.5)? = L? = 1. And
hence M = (L? + 1)S = 25, in particular, |2L| is composed with a rational
pencil. Consider the canonical model (Z, H). Since h°(H) = h°(L) = 1 and
H3 = L3 = 1, there exists an irreducible surface G such that |H| = {G}.
Denote by G’ the strict transform G. Then we may write 2L ~ 2G’ + 2F
for some p-exceptional divisor E. Note that Mov|2L| = |27,.S|, hence 7,5 ~
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G’ + E’ for some p-exceptional divisor E’. But this implies dim |7,.S| =0, a
contradiction.

Hence |2L| is not composed with a pencil of surface. Set D := 2L and
keep the same notation as in Section 2.4. Then we have 27*(L) = |[M|+ F
such that |M| is base point free. Consider a smooth element N in |M].
Note that |Kx + mL + T| gives a birational map if so does the restriction
|Ky + N +7*((m —2)L + T)||y by Lemma 2.7.2 and birationality principle
(cf. [OP95, Lemma 1.3]). On the other hand, Kawamata-Viehweg vanishing
theorem and adjunction formula give

|[Ky + N +7*(m —2)L+T)||xy = |Kn +7°((m —2)L 4+ T)|n]|.

Reider’s theorem (cf. [Reider88|) implies that |Ky + 7*((m — 2)L + T')|n|
gives a birational map for m > 5 if (7*L)*- N > 2. Now we assume that
(7*L)? - N = 1, then Lemma 5.2.1(iii) implies that L} = L? - 7,.N = L -
(m«N)? = 1. Consider the canonical model (Z, H). Since h’(H) = H? =1,
and L?-m,N = 1, a similar argument implies dim |7, N| = 0, a contradiction.

We completed the proof. O

By Theorems 5.2.2 and 5.1.1(ii)(iii), to prove Theorem 1.2.17, we only
need to consider polarized triples (X, L, T) with x(Ox) > 0.

5.3 Birationality criterion

In this section, we give a criterion for the birationality of polarized triples.

5.3.1 Key theorem

Let (X, L,T) be a polarized triple. Take a Weil divisor Ly such that Ly = L.
Suppose that h°(mgLy) > 2 for some integer mg > 0. Suppose that m; >
mg is an integer with h%(mjLy) > 2 and that |myLg| and |mgLg| are not
composed with the same pencil.

Set D := mgLg and keep the same notation as in Section 2.4. We may
modify the resolution 7 in Section 2.4 such that the movable part |M,,| of
||[7*(mLo)|| is base point free for all mg < m < my. Set i, = t(mLy)
defined in Section 2.4. Recall that, for any integer m with h°(mLg) > 1,

B {1, if [mLg| is not composed with a pencil;

h%(mLg) — 1, if [mLy| is composed with a pencil.
Pick a generic irreducible element S of |M,,,|. We have

moﬂ'*<L0) = LmOS + Fmo
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for some effective Q-divisor F,,. In particular, we see that
Mo . .
—7"(Lgy) — S ~q effective Q-divisor.

lmg

Define the real number
o = po(|S]) := inf{t € QT | tr*(Lo) — S ~q effective Q-divisor}.

Remark 5.3.1. Clearly, we have 0 < po < ™ < my. For all k£ such that |kLo|
mo
and |mgLg| are composed with the same pencil, we have

kﬂ*([zo) = LkS + Fk

for some effective Q-divisor Fj, and hence pg < i

By our assumption on |m Ly|, we know that |G| = |M,,,|s| is a base point
free linear system on S and h°(S,G) > 2. Denote by C a generic irreducible
element of |G|. Note that since Kx = 0, Ky is pseudo-effective and hence
g(C) > 1. Since mym*(Lo) > M,y,,, we have

m17T*<L0)|S =C + H

where H is an effective Q-divisor on S.
We define two numbers which will be the key invariants accounting for
the birationality of ®x, 1mr47|. They are

(= (#°(L)- C)y = (" (Lo) - Cly = (*(L)ls - O)s and
e(m) = (m — po — my)C.

Note that ¢ and €(m) are birational invariants by projection formula. Hence
we can modify 7 if necessary. Also note that ( > 0 since L is nef and big
and C is free.

While studying the birationality of ®|x, tmr17|, We always require that
the linear system A, := |Ky + [7*(mL + T)]| satisfies the following assump-
tion for some integer m > 0.

Assumption 5.3.2. Keep the notation as above.

(1) The linear system A,, distinguishes different generic irreducible ele-
ments of |M,,,| (namely, @, (S") # @y, (5”) for two different generic
irreducible elements S’, S” of |M,,,|).

(2) The linear system A,,|s distinguishes different generic irreducible ele-
ments of the linear system |G| = |M,,,|s| on S.
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The following is our key theorem.

Theorem 5.3.3. Let (X, L,T) be a polarized triple. Keep the notation as
above. Let m > 0 be an integer. If Assumption 5.5.2 is satisfied and e(m) >
2, then @k 4mr41) @5 birational onto its image.

Proof. By Lemma 2.7.2, we only need to prove the birationality of ®, . Since
Assumption 5.3.2(1) is satisfied, the usual birationality principle reduces the
birationality of ®,,  to that of ®,, |s for a generic irreducible element S of
| M, |. Similarly, due to Assumption 5.3.2(2), we only need to prove the
birationality of ®, |c for a generic irreducible element C' of |G|. Now we
show how to restrict the linear system A,, to C.

Now assume ¢(m) > 0. We can find a sufficiently large integer n so that
there exists a number p, € QT with 0 < p1, — po < L, [e(m,n)] = [e(m)]
where ¢(m,n) := (m — pu, —my)(, and

pn (Lo) ~q S + By,
for an effective Q-divisor E,,. In particular, ¢(m,n) > 0, and e(m,n) > 2
if ¢(m) > 2. Re-modify our 7 in Section 2.4 so that E, has simple normal

crossing support.
For the given integer m > 0, we have

|Ky + [7*(mL+T)— E,]| 2 |Ky + [7"(mL+T)]|. (5.3.1)
Since €(m,n) > 0, the Q-divisor
7' (mL+T)—E,—S=(m— p,)n*(L)
is nef and big and thus
HY Y, Ky + [7*(mL+T) — E,] —S) =0
by Kawamata—Viehweg vanishing theorem. Hence we have surjective map
HY(Y,Ky + [7*(mL +T) - E,]) — H(S,Ks + Ly.) (5.3.2)
where
Ly = ([7"(mL+T)—E,] —95)|s > [Lmn] (5.3.3)
and L, ,, == (7*(mL+T) — E, — 5)|s. Moreover, we have

mam*(Lo)|ls =C+ H
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for an effective Q-divisor H on S by the setting. Thus the Q-divisor
Lon —H —C = (m— pp, —my)7*(L)]s
is nef and big by ¢(m,n) > 0. And by Kawamata—Viehweg vanishing theorem
again,
H'(S,Ks+ [Lyn,— H]—C)=0.

Therefore, we have surjective map

H°(S,Ks+ [Lyn— H]) — H(C, K¢ + Dpnp) (5.3.4)
where

Dy = [Linn—H—Cllc > [Dimnl (5.3.5)

and D, ,, := (Linn — H — C)|¢ with deg D, ,, = €(m,n).

Now by inequalities (5.3.1), (5.3.3), (5.3.5), and surjective maps (5.3.2),
(5.3.4), to prove the birationality of @, |¢, it is sufficient to prove that |Kc+
[Dn.n || gives a birational map. Clearly this is the case whenever e(m) > 2,
which in fact implies deg([Dpn]) > [e(m,n)] > 3 and K¢ + [D,y, | is very
ample. We complete the proof. n

Corollary 5.3.4. Keep the same notation as above. For any integer m > 0,
set m
€(m,0) := (m — L—O —mq)(.
mo

If e(m,0) > 0, then

where Ly, := ([7*(mL +T) — —=F,,] — 9)|s.
mo
Proof. Recall that
moﬂ*(Lo) = LmOS + Fmo-
First of all, relation (5.3.1) reads

1
[Ky + 1" (mL +T) = —F, || 2 |Ey + [*(mL + T)]].
mo
In fact, as long as €(m, 0) > 0, the front part of the proof of Theorem 5.3.3 is
valid. In explicit, subjective map (5.3.2) reads the following surjective map

1
HY,Ky + [7*(mL+T) — —F,,]) — H°(S,Ks + L)

mo
where

L, = ([x*(mL +T) — LiFmoq ~9)ls.

mo

Hence we have proved the statement. O
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5.3.2 Criterion

In order to apply Theorem 5.3.3, we need to verify Assumption 5.3.2 and
€(m) > 2 in advance, for which one of the crucial steps is to estimate the
lower bound of (.

Proposition 5.3.5. Let m > 0 be an integer. Keep the same notation as in
Subsection 5.3.1. Then

(i) If e(m) > 1, then ¢ > 22C1=2t[elm]]

(i) Moreover,
S 29(C)—1

T po+my+17
(iii) If g(C) =1, then ¢ > 1;
(iv) i(X)C € Zxo.
In summary,

¢=> {Z(X) min{l7 m}—‘ /i(X).

Proof. (i). Recall that since Ky = 0, Ky is pseudo-effective and hence
g(C) > 1. In the proof of Theorem 5.3.3, if €(m) > 1 then |K¢ + [D,,,]] is
base point free with

deg(Kc + [Dmn]) = 29(C) =2+ [e(m,n)] = 29(C) — 2+ [e(m)].
Denote by N,, the movable part of |Ks + [L,,,, — H||. Note that

H(Ox(Kx +mL+T))
=~ 0Oy (|7*(Kx + mL+T)]))
=~ H(Oy(Ky + [7*(mL +T)])).

Denote by M,, the movable part of ||7*(Kx + mL + T)]|. Noting the rela-
tions (5.3.1), (5.3.2), and |Ks+ [Lmn — H]|| 2 |Ks+ [ L || while applying
[Chen01, Lemma 2.7], we get

and NV,,|c > K¢+ [ Dy, since the latter one is base point free. So we have

m¢ =" (Kx + mL+T)s- C 2 Ny - C = deg(Kc + [Dimn)-
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Hence
m¢ > 2g(C) — 2+ [e(m)].

(ii). Take m' = min{m | ¢(m) > 1}, then (i) implies ¢ > %,C). We may

assume that m’ > pg + my + 1 otherwise ( > %. Hence
e(m' —1)=(m' — 1 — po — my)C
2¢9(C
>(m' —1—po—my) grgz’ )

By the minimality of m/, it follows that ¢(m’ — 1) < 1. Hence m' <

%(uo +my +1). Then

2(C) . 29(C)~1
m T pg+my 1

¢z

(iii). Recall that
Ky = W*KX +E7r = Eﬂ-,

where E is an effective Q-Cartier Q-divisor whose support contains all -
exceptional divisors since X has at worst terminal singularities. If ¢(C) = 1,
then

0=((Ks+C)-C)s
=(Ky-C)y +(S-C)y + (C*)s
= (E7T . C)y + (S . C)y + (02)5.
Since C'is free on a free surface S, (C?)g, (S - C)y, and (E, - C')y are non-
negative. Hence (E, - C)y = 0, which implies that (E - C)y = 0 for any
m-exceptional divisor E' on Y since X has at worst terminal singularities.
Hence ¢ = (7*L - C)y is an integer. On the other hand, ¢ > 0. Hence ¢ > 1.
(iv). It follows from the fact that (X)L is Cartier.
In summary, if g(C) = 1, by (iii), ¢ > 1;if g(C) > 2, by (ii), ¢ > m
Then by (iv),

i(X)C > P’(X) min {1, #H

Mo +mp + 1
We complete the proof. O

Define
po :=min{k € Zwqo | A°(mL + T') > 0 for all m > k and for all T’ = 0}.

To verify Assumption 5.3.2, we have the following propositions.
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Proposition 5.3.6. Let (X, L,T) be a polarized triple. Keep the same no-
tation as Subsection 5.3.1. Then Assumption 5.3.2(1) is satisfied for all
m = mg + Po.

Proof. We have

Ky + [7"(mL +1T)]
> Ky + [7"(mL+T — moLy) + My, |
= (Ky + [7"(mL +T —moLg)|) + Mp,
> M,

The last inequality is due to

hO(KY + [’ﬂ'* (’ITLL + T — moLoﬂ)
= hO(KX +mL+T—m0L0)) >0

when m > mg + po by the definition of py.

When f : Y — I is of type (fup), [Tan7l, Lemma 2] implies that A,,
can distinguish different generic irreducible elements of |M,,,|. When f is of
type (fp), since the rational pencil |M,,,| (recall that ¢(X) = 0) can already
separate different fibers of f, A,, can naturally distinguish different generic

irreducible elements of |M,,,|. O

Proposition 5.3.7. Let (X, L,T) be a polarized triple. Keep the same no-
tation as in Subsection 5.3.1. Then Assumption 5.3.2(2) is satisfied for all
m > mgy+ my + po.

Proof. Assuming m > mg+my + 1, we have ¢(m,0) > 0, and Corollary 5.3.4
implies that

It suffices to prove that |Kg+ L,,| can distinguish different generic irreducible
elements of |G].
For a suitable integer m > 0, we have

Kg—l—Lm
1
:Ky|s—|— [W*(mL+T)——L Fm()_IlS
mo

> (Ky + [7"(mL +T — (mg +m1)Lo)])|s + M, |s-

Thus, if |G| is not composed with an irrational pencil of curves, |Kg + L,,|
can distinguish different irreducible elements provided that

Ky + [7*(mL+T — (mo +mq)Lo)]
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is effective, which holds for m — mg — my > po.
Assume |G| is composed with an irrational pencil of curves, we have

K¢+ L,
1
> Ks+ [(m*(mL+T)— —F,, —95)|s]
mo
1
> Kg+ [(m*(mL+T —myLy) — —Fuy — S)|s| + M, |s-
mo

We can take Q = (7*(mL + T — mqLg) — ﬁFmO — 5)|s in Lemma 4.4.8
since €(m,0) > 0. Since ¢g(C) > 0, Lemma 4.4.8(ii) implies that Assumption
5.3.2(2) is satisfied for m > mg +m; + 1.

We complete the proof. n

In summary, we have a criterion for birationality.

Theorem 5.3.8. Let (X, L,T) be a polarized triple. Keep the same notation
as in Subsection 5.8.1. Then |Kx +mL + T| gives a birational map if

2
m>max{m0+m1+pg—1,,u0—i-m1+z}.

This theorem is optimal in some sense by the following examples.

Example 5.3.9 ([IF00, 14.3 Theorem]). Consider the general weighted hy-
persurface X9 C P(1,1,1,2,5) which is a smooth Calabi—Yau 3-fold. Take
L = Ox(1) and T'= Kx ~ 0. Then |5L| gives a birational map but |4L]
does not.

On the other hand, we may take my = m; = pp = po = 1 and { > 1.
Hence Theorem 5.3.8 implies that |mL| gives a birational map for all m > 5.

Example 5.3.10 ([IF00, 14.3 Theorem]). Consider the general weighted
hypersurface Xg C P(1,1,1,1,4) which is a smooth Calabi—Yau 3-fold. Take
L = Ox(1) and T'= Kx ~ 0. Then |4L| gives a birational map but [3L|
does not.

On the other hand, we may take mg = my; = pyp = pp = 1. Note that
S € |L| and C € |L|g|. Hence ¢ = L* = 2. Then Theorem 5.3.8 implies that
|mL| gives a birational map for all m > 4.

Example 5.3.11 ([CCC11, Theorem 4.5]). Consider the general weighted
complete intersection Xy C P(1,1,1,1,1,3) which is a terminal Calabi-Yau
3-fold. Take L = Ox(1) and T'= Kx ~ 0. Then |3L]| gives a birational map
but |2L| does not.

On the other hand, we may take mg = m; = ug = po = 1. Note that
S €|L] and C € |L|g|. Hence ¢ = L? = 4. Then Theorem 5.3.8 implies that
|mL| gives a birational map for all m > 3.
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5.4 Birationality on polarized triples

In this section, we consider the birationality problem on polarized triples. By
Theorem 5.3.8, we need to estimate mg, my, po, fo, and (. First we will give
estimation for py by Reid’s formula. And then we reduce the estimation of
m; to the estimation of Hilbert polynomial of L so that we can estimate both
mg and m; by Reid’s formula. Note that ;o can be estimated by Remark
5.3.1 and ( can be estimated by Proposition 5.3.5 once we have estimation
of mg and m;.

We always assume that (X, L, T) is a polarized triple with x(Ox) > 0 in
this section.

5.4.1 Estimation of p

In this subsection, we estimate pg. Note that by Theorem 5.1.1(iv)(v) and
the fact that ¢(X)|I(X), we have

i(X) € {2,3,4,5,6,8,10,12}.

ioD)] 0 1 2 3 4 5
(1,2) | 0 ~1/8

(1,3) | 0 —2/9 ~1/9

(1,4) | 0 —5/16 | —1/4 | —1/16

(1,5) | 0 —2/5 —2/5 | —1/5 0

(2,5) | 0 —2/5 ~1/5 | —-1/5 | —1/5

(1,6) | 0 —35/72 | —5/9 | —3/8 | —1/9 5/72
(1,8) | 0 —21/32 | —7/8 | —25/32| —1/2 | —5/32
3,8) | 0 —21/32 | —3/8 | —9/32 | —1/2 | —5/32
(1,10) | 0 —33/40 | —6/5 | —49/40 | —1 —5/8
(3,10) | 0 —33/40 | —3/5 | —9/40 | —3/5 —5/8
(1,12) | 0 | —143/144 | —55/36 | —27/16 | —14/9 | —175/144
(5,12) | 0 | —143/144 | —19/36 | —11/16 | —5/9 | —31/144
ioD)] 6 7 8 9 10 11
(1,8) | 1/8 7/32

(3,8) | —3/8| —9/32

(1,10) | —=1/5 | 7/40 2/5 3/8

(3,10) | —1/5 | —9/40 | —3/5 | —9/40

(1,12) | —=3/4 | —35/144 | 2/9 9/16 | 25/36 | 77/144
(5,12) | —3/4 | —35/144 | —7/9 | —7/16 | —11/36 | —67/144

Table A: table of cg(D)
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Since we need to estimate the Hilbert polynomial of some divisor D, we
need to estimate the singular part co(D) in Reid’s formula. We list all the
possible values for c¢g(D) with all the possible singularities in Table A. The
first row corresponds to the local index ig(D) of D and the first column
corresponds to the possible singularities of ). In the estimation, we will
always replace cg(D) by the minimal value in the list corresponding to Q.

Note that for a singular point @ of index r € {2,3,4,5} and for any Weil
divisor D,

r2—1
(D) 2 =5~

To estimate pg, we discuss on the value of i(X'). Fix a Weil divisor 7" = 0.

Recall that L? > ﬁ and A(L) > ﬁ

If i(X) € {2,3,4,5}, by Reid’s formula and equality (2.5.1),

3

RO(mL +T') = x(Ox) + “———L* + mA(L) + Y co(mL +T")
Q
m3 —m r3 —1
> L3+ mAL) — @
> x(Ox) + +mA(L) EQ: 12rq
m3 + 5m
= ; X(OX>

Recall that x(Ox) <4 (or x(Ox) = 1if i(X)=5), hence

3, ifi(X) =5;

po < <4, ifi(X)e{2,3};
5, if i(X) = 4.

If 4(X) = 6, then we write Bx = {a x (1,2),b x (1,3),c x (1,6)}. By
equality (2.5.1),
3 8 35
24 = - b+ —c.
x(Ox) 50+ 3b+ e

Hence ¢ < $2x(Ox). By Reid’s formula and equality (2.5.1),

m3 —m

RO (mL +T") = x(Ox) + L +mA(L) + Y cqo(mL+T')
Q

3 1 2 5
m3 —m 3 5
= g L +mA(L) — x(Ox) — ﬁc
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m?+5m 9
>3 7O
Recall that x(Ox) < 4, hence py < 6.
If i(X) = 8, by Morrison [Mor86, Proposition 3], we have i(X) = I(X),
X(Ox) =1, and Bx = {3 x(1,2),(1,4), (b,8), (b2,8)} for by,bo = 1 or 3. By
Reid’s formula,

3 _
RmL+T)>1+ 2"

L +mA(L)+ Y co(mL+T')
Q

m2 —m 1 5 7
>1 L3 ML) — - — — —2X =
> 1+ + mA(L) 3><8 16 X3
_m3+5m_§
48 16

Hence pg < 4.

If i(X) = 10, by Morrison [Mor86, Proposition 3], we have i(X) = I(X),
x(Ox) =1, and Bx = {3 x (1,2), (b1,5), (b2, 5), (¢,10)} for by, by = 1 or 2,
¢ =1 or 3. By Reid’s formula,

3 _
RmL+T)>1+ 2"

L? +mA(L) + Z co(mL+T")
Q

m3 —m 1 2 49
> 1 L3 ML) —3x-—2x=— =
>1+ + mA(L) ><8 ><5 0
7m3—|—5m 7
60 5

Hence py < 5.

If i(X) = 12, recall that by Morrison [Mor86, Proposition 3|, we have
i(X)=1(X), x(Ox) =1, and Bx = {2 x (1,2),2 x (1,3),(1,4), (b,12)} for
b =1 or 5. By Reid’s formula,

3

R(mL+T) > 1+ 1 4 mA(L) + Y co(mL +T')
Q
m? —m 1 2 5 27
> 1 LPamML) —2x = —2x 22 _ =L
= +mAL) = 2x g =2x g -6 g
_m3+5m_61
T2 36

Hence py < 5.
In summary, we proved the following proposition.
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Proposition 5.4.1. We have the following estimation for py:

3, zf i(X) =5

< b i e238)
5, sz(X) {4 10,12};
6, ifi(X)=

5.4.2 Estimation of m,

Recall that we have a criterion for a linear system not composing with a
pencil of surfaces by looking at its Hilbert polynomial by Proposition 2.6.2.

Proposition 5.4.2. Let Ly be a nef and big Weil divisor. If
h°(mLo) > i(X)Lim + 1

for some integer m, then |mLg| is not composed with a pencil of surfaces.

5.4.3 Proof of Theorems 1.2.17 and 1.2.18

In this subsection, we prove Theorems 1.2.17 and 1.2.18 by estimating m,
and m;.

Proof of Theorem 1.2.17. To prove Theorem 1.2.17, by Section 5.2, we only
need to consider polarized triples (X, L,T') with x(Ox) > 0. We discuss on
the value of i(X). Recall that

i(X) € {2,3,4,5,6,8,10,12}.

In the proof, we often use the fact that if () is a cyclic singular point and D
is a Weil divisor with local index ig(D) = 0, then cg(D) = 0.

Case 1. i(X) =2 or 3.
In this case, by Reid’s formula,

ROG(X)L) > x(Ox) + 203 > 1,

h°(2i(X)L) > x(Ox) + %XPU” > 2i(X)2L% + 1.

Hence we can take Ly = L, mg = i(X), and m; = 2i(X). Then we have
po < i(X) by Remark 5.3.1. By Proposition 5.3.5, { > ==5. By Proposition

5.4.1, po < 4. By Theorem 5.3.8, |Kx + mL + T| glves a blratlonal map for
m > 52'(X) + 1.
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Case 2. i(X) =4.
In this case, by the proof of Lemma 2.5.1,

i R(5L +iKx) = 4\(5L).

i=0
Hence there exists 79 such that
RO(5L +igKx) > A(5L).
Take Lo = L 4+ igKx. Then
R°(5Lg) = h°(5L + igK x + 4igKx)

= hO(5L +igKx)

> A\(5L)

= 20Lj + 5A(L)

> 5i(X)L3 + 1.
On the other hand,

43 — 4

h°(4Ly) = x(Ox) + Ly +4X(L) > 4.

Hence h%(4Ly) > 5 and |5Lo| is not composed with a pencil. Take my = 4.
By Proposition 5.4.1, py < 5.

If |4Lo| is composed with a pencil, then we have py < 1 by Remark 5.3.1
and we can take m; = 5. By Proposition 5.3.5, ( > % By Theorem 5.3.8,
|Kx +mL + T| gives a birational map for m > 14.

If |4Lo| is not composed with a pencil, then we have pp < 4 and we can
take m; = 4. By Proposition 5.3.5, ¢ > 3. By Theorem 5.3.8, |Kx +mL+T)|
gives a birational map for m > 13.

Case 3. i(X) = 6.

In this case, recall that 1 < x(Ox) < 4 and we write Bx = {a x(1,2),bx
(1,3),¢ x (1,6)}. By equality (2.5.1),

3 8 35
24x(0x) = 5% + 3b+ 5 C

If x(Ox) = 1, there is only one solution satisfying i(X) = 6, which is
Bx ={5x(1,2),4 x (1,3),(1,6)}. We can take Ly = L + igKx for some i
such that the local index of Ly at the point (1,6) is 0. By Reid’s formula,

3

h'(3Lg) > 1+ ’ Ly +3ML) + ) cq(3Lo)
Q
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> 1 5 X -
R T 8
> 1,
43—
hO(4Lo) > 1+ Ly +4ML) + > cq(4Lo)
Q
3
L 20 2
36 9
> 2,
73
hO(TLo) > 1+ ELg + Y cq(7Lo)
Q
78 1 2
>1+—Ld—5x—-—4x=
it Toxg Ty

> Ti(X)Lj + 1.

Hence h°(3Ly) > 2 and |7Lo| is not composed with a pencil. Take my = 3.
By Proposition 5.4.1, py < 6.

If |4Lo| and |3Lg| are composed with the same pencil, then we have py < 2
by Remark 5.3.1. Take m; = 7. By Proposition 5.3.5, ( > % By Theorem
5.3.8, |Kx +mL + T| gives a birational map for m > 16.

If |[4Lo| and |3Lg| are not composed with the same pencil, then we can
take m; = 4 and we have ug < 3. By Proposition 5.3.5, ¢ > % By Theorem
5.3.8, | Kx + mL + T)| gives a birational map for m > 13.

Now we assume that x(Ox) > 2. Note that for any Weil divisor D and
singular point @) of index r,

—%, if r =2;
CQ(3D) + CQ(?)D + 3Kx) = 0, if r = 3;
-2 ifr=6.

Hence
h°(3L) + h°(3L + 3Kx)
= 2x(Ox) 4+ 2\(3L) + Z(CQ(SL) +co(3L +3Kx))

Q
1 3
=2x(0x) +2A(3L) — 30~ 3¢

> 2A\(3L).
Therefore there exists a Weil divisor Lo = L such that
h°(3Lo) > M(3L) = 4L* + 3\(L) > 1.
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On the other hand,
63
RO(6Lo) > x + ELg > 6i(X)L3 + 1.

Hence |6Lo| is not composed with a pencil.

Hence we can take my = 3 and m; = 6. Then we have py < 3 by
Remark 5.3.1. By Proposition 5.3.5, ( > % By Proposition 5.4.1, pg < 6.
By Theorem 5.3.8, |Kx +mL + T| gives a birational map for m > 16.

Case 4. i(X) =5.

In this case, recall that by Morrison [Mor86, Proposition 3], we have
i(X) = I(X), x(Ox) = 1, and Bx = {(b1,5), (b2,5), (b3,5), (bs,5), (b5,5)}
for by =1 or 2 for 1 <7 < 5. We can take Ly = L + icK x for some iy such
that the local index of Ly at the point (b1,5) is 0. By Reid’s formula,

3

ho(4Lg) > 1+

Ly +4ML) + ) cq(4Lo)
Q

43 42 2
>1+ i O—4><—
30 5
> 2,
0 53_5 3
h°(5Lo) > 1+ Ly 4+ 5XM(L)
5% + 25
> 1
> 1+ —5
:6’

3

h®(6Lo) > 1+

Ly +6ML) + Y _cq(6Lo)
Q

2
> 1+ 35L% + 6A(L) — 4 x :
> 6i(X)L3 + 1.

Hence h%(4Lg) > 3 and |6Lg| is not composed with a pencil. Take my = 4.
By Proposition 5.4.1, pg < 3.

If |5Lo| and |4Ly| are composed with the same pencil, then we have py < 1
by Remark 5.3.1. Take m; = 6. By Proposition 5.3.5, ( > % By Theorem
5.3.8, | Kx + mL + T| gives a birational map for m > 13.

If [4Lo| is composed with a pencil, and |5L¢| and |4L| are not composed
with the same pencil, then we can take m; = 5 and we have py < 2. By
Proposition 5.3.5, ¢ > 2. By Theorem 5.3.8, | Kx +mL+T| gives a birational
map for m > 13.
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If |4Lo| is not composed with a pencil, then we can take m; = 4 and we
have pg < 4. By Proposition 5.3.5, { > % By Theorem 5.3.8, |Kx +mL+T]|
gives a birational map for m > 14.

Case 5. i(X) = 8.

In this case, recall that by Morrison [Mor86, Proposition 3], we have
i(X) = I(X), x(Ox) = 1, and Bx = {3 x (1,2),(1,4), (b1,8), (b2,8)} for
bi,bs = 1 or 3. We can take Ly = L + 19K x for some iy such that the local
index of Ly at the point (b1, 8) is 0. By Reid’s formula,

43
hO(4Lg) > 1+ EL% + ) c(4Lo)
Q

BT
=748 8
> 1,
63
h°(6Lo) > 14+ —L§+ ) co(6Lo)
Q
55 7
14— - = _
T T
> 4,
83
hO(8Lo) > 1+ —Li+ > cq(8Lo)
83

> 8i(X)L3 + 1.

Hence h%(4Ly) > 2 and |8Lg| is not composed with a pencil. Take my = 4.
By Proposition 5.4.1, py < 4.

If |6 Lo| and |4 Lo| are composed with the same pencil, then we have g < $
by Remark 5.3.1. Take m; = 8. By Proposition 5.3.5, ( > %. By Theorem
5.3.8, |Kx + mL + T| gives a birational map for m > 16.

If |6Lo| and |4Lg| are not composed with the same pencil, then we can
take m; = 6 and we have ug < 4. By Proposition 5.3.5, ¢ > %. By Theorem
5.3.8, | Kx + mL + T| gives a birational map for m > 16.

Case 6. i(X) = 10.

In this case, recall that by Morrison [Mor86, Proposition 3], we have
i(X) = I(X), x(Ox) =1, and Bx = {3 x (1,2),(b1,5), (b, 5), (¢, 10) } for
bi,bo =1or 2, ¢=1o0r 3. Wecan take Ly = L + igK x for some 7y such that
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the local index of Ly at the point (¢, 10) is 0. By Reid’s formula,
3

RO(4Lo) = 1+ Ly +4ML) + ) cq(4Lo)
Q
43 420 2
>1+ + —2X =
60 5
> 1,

3

hO(6Lo) > 1+ L+ 6ML) + > cq(6Lo)
Q
3
L, 630, 2
60 5

> 4,

3

hY(8Lg) > 1+ Ly +8A(L) + ) cq(8Lo)

Q

2
21+84L3+8A(L)—2><g

> 8i(X)Lg + 1.
Hence h%(4Ly) > 2 and |8Lg| is not composed with a pencil. Take my = 4.
By Proposition 5.4.1, py < 5.

If |6 Lo| and |4 Lo| are composed with the same pencil, then we have g < 3
by Remark 5.3.1. Take m; = 8. By Proposition 5.3.5, { > %. By Theorem
5.3.8, |Kx + mL + T)| gives a birational map for m > 17.

If |6Lg| and |4Lg| are not composed with the same pencil, then we can
take m; = 6 and we have py < 4. By Proposition 5.3.5, ¢ > %. By Theorem
5.3.8, |Kx +mL + T| gives a birational map for m > 17.

Case 7. i(X) = 12.

In this case, recall that by Morrison [Mor86, Proposition 3], we have
i(X)=1(X), x(Ox) =1, and Bx = {2 x (1,2),2 x (1,3),(1,4), (b,12)} for
b=1or5 Wecan take Ly = L + 19K x for some i such that the local index
of Ly at the point (b,12) is 0. By Reid’s formula,

3
Ly +3ML) + ) co(3Lo)
Q

h®(3Lg) > 1+

5
16

3B+ 15
> 1
> 1+
> 1,

_2><1_
8

3

ho(6Lo) > 1+ Ly +6A(L) + > cq(6Lo)

Q
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> 4,

93
Q
93 1 5
>14+ =3 —-2%x—-——
A A T
> 9i(X)Lg + 1.

Hence h°(3Ly) > 2 and |9Lo| is not composed with a pencil. Take my = 3.
By Proposition 5.4.1, py < 5.

If |6 Lo| and [3Lo| are composed with the same pencil, then we have g < 3
by Remark 5.3.1. Take m; = 9. By Proposition 5.3.5, ( > % By Theorem
5.3.8, |Kx + mL + T| gives a birational map for m > 17.

If |6Lo| and |3Lo| are not composed with the same pencil, then we have
o < 3 and we can take m; = 6. By Proposition 5.3.5, ( > % By Theorem
5.3.8, |Kx +mL + T| gives a birational map for m > 16. O

Proof of Theorem 1.2.18. Since L has no stable components, take a suffi-
cient divisible k£ such that kL ~ M is movable and effective and take a
sufficient small rational number § > 0 such that (X, M) is terminal. Run
a (Kx + 0M)-MMP with scaling of an ample divisor, it terminates on X’
by Kawamata [Kaw92b]. Since i(X)I{(Kx + dM) ~ i(X)I6M is movable for
[ sufficient divisible, this MMP v : X --» X’ does not contract any di-
visors. Hence (X', 09, M) is terminal and so is X’. Hence X’ is a minimal
3-fold with Kx» = 0 and 9, L is a nef and big Weil divisor by MMP. Note that
| Kx+mL+T| gives a birational map if and only if so does | K x/+m, L+, T,
hence Theorem 1.2.18 follows from Theorem 1.2.17. O]
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