
Resdutonefsuglutus.fi
,ReliminarliesandMainGeal.ltvarieyisanmtegralseperateschemeof.finitetypeomafudk.Ma.in
G.diletxbearaingmerafuldofoharzero.fmtheeeoistsaeanomidldesmgularizatnafX.tt

isasmoothrarietyxandapngbirmorphismre.siX_x

suehtha.tnresicsiyxlisadivisormthsimplenormalcnessir.gs 、

a) resxisfmenorialresputnsmoothmorphi.msandfudextensim.RemakiE-EEi.Eihim-isnncalledsnanr-ohns.mn
hvar7ifEiissmo.tn,andfrahchudptithlcorsz.inZns.t.EE ( 础 ⼆ 0 )

, E = 医⼀ ⼆ 0 1
.

honomdany \|/
sr.cl?emarkzResjuncti,associateeachobjatXEVaranX
c-Uanandabirpngresxn.T-X.mgitisfmetnulrespnsmmoriflthiY-Xsmoothmor.IE: T^T
s-t.rsT

T
tho digmm 上isafbupudualresxY.hn, x .
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Ryl.hr Reskatesdtonfmtithenisfmtordresptr.sn mor ,

tentrarX.resxiT-xisanisomorphismomxz.S.gs
.BG?LetxEXbeasmoothpointn

X_x ÷_ li-e.AT
"

⽽

is-ui.CI
a.im ⼯⼤ : Gisanalgehraicgrouplkcha.ro ,

thenresGiE-Gisanisomorphism.Assumingdaimfi.US
䏝
"

的
'

⼼ ì 2.jresig.isafberpdutMSUU-A.mx
⇒

resu-isanisomorphism.NO
w ,

x_x o_o U ⇒resxfuisanisorf2-fidxer.li
☐ ,

Pwfefdaimttisupp.setesGIE-Ggismiisoang.GFG~ra.atta 。

heegisagenerdpts-i.MG/3iso.G-sGgz9iE,g
,1 1

4

⇒ 1 Edimfreicgs-dimreitcgp-dimresilgjz.co
⇒ ⇐

⼝
.
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Pwpzihrnbearesdut.tn
"

fmtiasabae.hrXEVanlkchan-o.GisanalgebraicgwupaetingonX.hn

theG-aetntfstoaGaetnonxs-i.re.si⼥ →

xisG-equiurionn-ie.resxcgn-gresxs.BG?NetethuttheG
aetnisasmoothmorphism.ie
Gxxtxissmooth.IO

GnsiderTIGXX-sxpngeeion.i-sir.LI/isfiberpneduet⇒ et Gx

T.Gxx-nsxconsrdu.GG?GxX-sX.Gxit-x~
I. wenowshowthatggiwsagoupaenon.com ⼥ -1
GxX_X

玭 出
,

②

GXGxx-7GXX-GGXT-GXGGxxf-SGxx~max.li
v2 法

、
1 1

2 1Gxx - 1-> x

cix-n-4-TGXTG-es.TW
eknow.thediagramcommunesoverXY.Singxgxgzxi.rs

gxg_
V2成 , ⼆agenerahsmothcumenotinrotkgxj.denelas T-T

,byvahatucntialeyt.cc) = 4
2
(c) 化 \-1 ⇒ 㤈 ⼆灿

g.sn☒ ⼀) ⼥

⇒ 㤈 2䖩 ⼝ ,
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QeofthekgideeuB.is/eadfconsideriytherenhnon pnhem.necou.ie

thepwncipalizanoipoblem-Egvers.in
,wea.la/2I:LetXbeasm00thvarietyowr/kchar--o,ICOxnon-zenoiddshaf.T.hu⺕ f X_X pngbirxsmfsu.ch

thatfI-OTCOTisaninvertibleidealsheaf.RemifI-G.su
imagoffImderfta-Ox.GIi.IE
liminationofindetuminaa.es/.LetXbeasmo0thvariety/kchamo.giX-sParationalmaptsomepgspaee.TW王 smrarxandpngbirmon.fi X_X

suehtsgefix-Pisamorphism.it
! \

和⼩

x-j-IPBfS.nu/Pispngeetiue,IZEXuithcodim32stg.XRAPiamorphism.CVduanieaim.vnfpopenusZBydghaicthrtgthm.geQnlxzextendsmiquehgtoalonebundhonxdnetedasL.hn
JCLbeaswbsheafgeneratedbyfHTP.gs们 ,I-J@UcOxT.kef: X_X s.tn

fI-Gisinvertibleideedsheaf.SiuefI-fjxocfLM-7f-J-fI-HL.tn
,fI-O-5-idefhf-I-G-fLifITfL-f-J-sfI-Q~xofL.in
vertible.2h-EEE-bhhhethhhhen-ImcfJJisusubsheaf.fi
geraatdbjggMHCP.ly们 ⇒ Nobaset.us on 5 ⇒ dfnesamon
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f
"

prineipatizaniBeforewestateastongrms.imi

httrecdsomenotanns.Smothblow-upn.IEX , t.BIZ?X-X

inWesaytisasmoothblowupifx.Z.aebothsmooth.Zsmnwesaytistivialifziscartier.TL
isiso.WesaytisemptyifEYJTisiso.sn
C-centeriE.is asncdivisor.EEEi ,

ZCXWesayZissnewiMEifitadcorsystemgar-iznjs.tn
Z - ( 引 -_-g-JEi-CZa.io/IfZ4-SuppE,ThenElzissnc.-

*-

E
Ǖ …

Zm

mlu-TXn-Xrn-s-tx-Xo-xbeasqgbhegfsmvariegX.ES
ncdiuonX.Ziissncw-EifzicxiissnemibTJEt-Tijkzjl.sn

cj.Hen.IT?Xi-sXTj:xitXj..WhenE=f,Ziissncmtbexcgtimdset .
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P丘 : Letxbeasmrarietylkchur-o.I.COxanonzeroidalsheef.ESncdvon X ,
⼆ sqygywups

s m

T ? ⼥==→ Xm,
→ … →

XAX-xwhosecenterhassncw.imE
, suchthatlcentersm.mg

☆ 4) 丌
"

I-Otistheiddsheeffasncd.io , andncmnap ) ,
(2)Tisfmetorhresp.osmmorphism.Re.mn: (2) gauranteesthattlxswppj.is
aniso.GE?(Nonfuncnorialvoif=mbdeiResdnonof Syl
LetYbeadosedsubrarietyafasmvarigxlkcharo.hn

thereisabrpngmorTJ-xsuohthatTisisonearoi.e.MY:7→

Ypngbiriand.ThassncmibldexcepdivsonX.fm
hn

、

-8 ( A" ,

O.tn/lNotsureTllyisisooverYnsingY,(T1lYTlSmgY)snconT).PngiCofCI
assumingPEJLetIYbetheidedsheafofYEX.br#r:Xr

→_→ … → X ,→ x_xbeaseqofsmbhowupswhosecentersaresncunq.a.inPIsuhthatTIY.GS prineipat
① If T.is anioover7YEX.sinceTIYoxrisansncd.in
wecanfndanirrcompofSuppTIYOxr.hu a T
a n d T →Y isbir.fissmooth 。

② IfTisn.tanisoar7Y.js.t7YEgandnyEZifori-j.si
nceTisisoore.rx.Y.andjlzjJESupplIY.IT⇒ 主irrcompofzj.denotedasTs.tn

Y → Y bir ,
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Remark : ① In PE.org 不如 ㄨ is
"

fmnid
"

resptsmmor.burwewecheemiddlebbwygexj-x.fr

mifls.Ltsintnedueesomenotnousanddefmnons.De.fi
: (Blowupseque.nu )Letxbeavar.ablow-upseqoflenghrstartingmrhX.isaol.am ofmophims
B : T : x_x

_,
→ … x_x - x

0 0 个点
,

2 1 2

whereeachtiisablowupofxiwi-hcenterZi.TT
ij

: ㄨ i →y T : x_x

Wesayablowupsgissmoothifxi.Ziareallsmoo.tn
Weallowtrivialandemptyblow-ups.in theg ※

Def 2 (则backblow-upseqbysmmphismjlBbeablowupsegasabove.li
Y-xsm-hmaphism.tn?1BliT:XrXxY-xmxxY

→_→xxx-xxxY-Y.liU U

Zrn YoY

ZXXYZXxYMBiscalledthepullbackofB.byh
. 13⽐灯→ Bbx

Rem HBdefesablowupseq.ie 。

乖 ⽐

YTXTYisablowupofhZ.S-BliIngeuahhnotsmooth.ltB.se aamp 1 1

S-BLP2obiouslynotablouupS-BlhpBBBI.P-p.pe⼀⼀ h o
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② BissmoothsthenhtlBissmoothb.tw up
③ h-isnotsmpetoh-B.mgcontainextraemptyblow-upDef3CRstnictiontod.se
dsubraieyjl.at/Basabove,j:S-Xisadosedemb.defB1g-Sr

→ Sm →_→s-srs.lt
UUZ.MS

…

ns.zns.hereweneed7s#Zj,(Infetwerequirea1lZihasimagestntilycontainedinsinapplicati.nl

DG4CPushfmnadwp-dosedembedehyjj.sexadehdg .

BSTS-S-m-S-So-SblouggforS.li
U

zpzidfnefB.us/T:Xr-Xri--Xz-y → x_x
U

jiizis.NUZó
ZSRemarkiifBDissmoth.thenf.BG

issm-h.NowweconsideratiplelX.IE/,wheneXissmoth
var

,

IidealshafEOx.diuEEXIBCX.IE) T : Xr→_→ … → X_X。 我

Ii-TIOxiEi-T.IE on Xi
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XixxYMIiHiIigyOY.tt
Weextendpushfmad.punbaekfort.ie 。 ⼆ Ii Ei

① hii-sxsm.tn , Tiǖiiǖjjias 籍 (T h ,
-0
煍

,

Evunnrr
㽰剧⼆ Eixx Y

Is

②

jifsxisadosedembdiyj.IBGIEscSCXEsics.no
Xi natnl 。 拄 ,

I

G : 拉 Is . 0
×
= (抄 " (扛s ) j # : a - 7年 08

0×作 I.a-j.la/sJ Ī

lollyiyESpegRA-SpeeR.yn-R-RIAIJE-O-R-4-def.ve
臧 迹 : 1 - 拉 Isi.ci t.is- Xi

Def 5 : ( FunctorhPack.ge )

①

1BCX.IE/commutewithsmoothmorh:Y-XifhfB(XniEEJEigerlf3 (ㄚ ,
吐褪

extensi.in?hToisB(Y,mIOY,htE)byaddingsomeempty
btuo-up.si

②

BCX.IE/commutesmhdosedembeddingifIssj:S-PYB(xj*Is.ci E) j.BCSIs.ES )
⇒ jtcxia.ci E) - BCS 、 不 成)
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Nowwestatethefndprineipalizationthm.PE?EranytriplelX.IT/whereXissmvar/kdar=o,Esnc-ssncdironX,ICOx
idealsheaf.tnthereexistasmoothblow-ujgfunetorlBGI.ES,

suehthatallcentersofblowuparesncmthgandd.IT/IOxisau
idealsheafofsn.edu ,

E) Bcommuteswithsmoothmorphis.ms ,

(3) IBcommutesdosed.embeddings.noheuu 在讲
apoommwtesmrhfèldextwinscsepenhyhnnnnnnnnnnnnnhnnnhhnnne.CI

: ( FunctorialstronghnbeddeiResdwtonofS.mg )
letYbeasubrarofsmrarX.lkcharo.Thenthaeeistsagofbbwup.IT?X=Xr---X-Xo=Xwithcerossncwitbg.hn
sn.ch that (1) TIYT-YisapngbirmthTmaincompyT.HN

) ,hereTisisonear7y.CZ?TlYisisooverCYiSingY),TCSngY)snconY.
(3) Tkommutesmhsmmoplims
(4)Tcanmutesmrhdosedembdng.CM#commutesmh

ftlexteusms.R.mn?Theabueresohoondpendsonhoumeembedranu.es/andcanonlyresolueShgofvarietiestrcanbeemkeddedintosmran.hu

Pnblem 1 :Notevgrarhasanembeddiytsmuar.Bohem2ITremoue.luinfhueofemheddiywendtogl.ae
rehons.buttheghedmormaynutbepgte.PHbhn 了 ?

Tensurecanomicity.canwefndtanomicalembd.ge
'

?
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P-c-AsinthepnofofPE-CE.mehaneasegcgsmooshbhowup-T-x-x.ms… → x 、
→ x_x

whichappeensasasubsgofthejrincipalizationbbw.cn g
"

of
( X , Iy , 4 ) ,SuchtttisanisonearrnandTinducearesol.in所 :P→ Y
(3) -(5)fllowsdirectlyfomPLD-D.Now.fr(2)lfytYCXsmothpointofY.IyGUCXst.LA"

, ⼯ 。
= < x . , ⼼ …

, 加 > )T (

U.IN/eheIYliTI0u.-takey'eYCXs.t.Tlyisanisoneary'EY
FuncmidiycAn.I.IT

⼼ 下""
⇒

ThisisoneargeY.fwhils.TK
isisolkkingYJTSingYJissnc.tn
fowsfomanbbwapaierissncwmf.LI
(

Gluiylemmall.at/Bbeablow-upseq''fnnctoidefinedfaAnevarieisonerkofohargsuchthat.commuiesvnsmoothmorphism.tn 113

hasamriqueeensiontodlrarieties.BG?LerXbeavariesglk.EUilancfinecowrForea.chì ,IBasisignsacenterZioonUis.t.thefrstblowupisn.it- Ui 扣 113 (vi).

Gnsuroliig-gg-gcg.in g)
44113 (vi) 2113(g) ⼆gBCUP-sthisgaurautessthepgeet.lig.

⇒ Ziohjogdge-O-wecanglueallzionaturalytozo.nl/,andgetatanonicaìguedbwup 1312ㄨ→ x .
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Tisprocessdoesnotdgendonchoiceoff.li 了 ,sinufathercowhiJ.tenweanrqatoboepostoN.JO{们 ,thissoluesthepobw.Repeatthepwcess.mecanconstnutasegofblouupfno.fr X ,andfunctorialitgfsmmorphismandfddexten.tnft.ws

fomtheconstuton.IZ.hn?ForanyhiY-X,wecanwriteit
ashlihiti-Uiiandapplygluingaguj.LI(

hocdcanonicitgofembeddinglle.tl/beanaAinerarietyXandi.X-A.it?Amtuodosedembeddingthenwehaveafurther
embeddingix-A-Antnandiiix-Am-Amnx-i.cn

-> G
'
,以 0 7 7(→ 7之⼼→ ( 0 . 7讻 )

suohthatiiandiiareequwalentunderalnonlin.eu rlautomphìsmoftt!
Pf Weextendi.to ji A

"
→ A

"

itheextensmisnotun.ique 。

X iztojzn.lt "→A
"

,

※eizAni_ym-RTKI-t-mkeyic-cpqgqf-idf-xisyi.sk
的

⼼ 如 becordsonA.jon A
"

,

4、 : 成 的→ 他 , 可坑的 ) A
"

→ A
""

42 : 这可 ) -) (如巧 的 ,

jj.X-Anxm_dsAm.mx
逃) , 0 ) (i , ⼼ , 拉⽔ㄨ ) = 7之⼼ ),

X
-
→ A

"" ets Anxm
式 (o.hn ) ( s

'

,以 7之⼼ )
,
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(Inoharo.kisautomatmyanirfmteful.br?Leth:Y-Xbeasmoothmorph.ism.yc-YadedpointandiiX-Axdosedembedding.tosmvar.Thentopensetfy-AEAxgasmoothafnerarAi.mn
asmoothmorphismhn-Ai-AisetY-hicxnAijay.ithasadosedembdyY-Aiisuchthatthefllow.ly

digramcommutesandisfimpmds.Y5-A.int1 的af-AN-x-i.AT1
Bwf ?

Thepnoblemislood.weassumeX.Y.Axafine.YCXXAN.Ifh.sufdimd , considertheohosedptzczhy.byTgeaalpyon
6 :Ai-AfiwemayassnmelicxHAfisfhiemorandisane.vn
bdiy neary.hn ) . (Needktobehfmtefhdj.NowishrinkingYandx.wemga.sume Yisanqensubatcfahypenmfe
HCXAG dfined 圭在过 , 在

ngfmconX.zorforAGNow.X-Axdosedembeddiy.meextendd.to 巫reglarfmetonsonAxisetAY-EE.tt0 ) CA-A
""
→ Ax

⇒YCAYandAY-Axissmoth.nearyc-AY.es

yc-Y-A.it?.dhAx-AiRetumtoourMainGoed:CI-MainGd.
13yfweconstmetBCXlforafinevarieties.meneedtdek

① 113⼼isindepofdoiaofemheddiyzo.l.BG/Jfunctorialrespeetns.moothmorphism
③ BMisfmoridrespfude.tn
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① 在 110wsfroml.si YoY → AN

7㲼→_→f-ByCII41.wehauetheuniqueness.zoleth-xsmoM.by
L3.tyEY.iiwefixembeddiyx-A.in⺕

Y-T-Aithatisafiberpwdwn.hll2.dhnxsx-AiA.ly
位 (3) tolAY.IY.1-CAx.IM wehae

㟙 图 (Ai.IM f) isanextnonofBCA.i.IT 4)
⇒MBCXFBCYYGsextensionj-byargueas.inLl ,wehauelBisfmctorialtespsmmop.3OFolhowsf.rom (亚 (5 ) ,

Now ,wedgndBfragnerms.lyLlmeextenduniqgfaresolutngmetoifra.li
varslkdark-o.IIGrll.gresdui.nl
ilu-YbeadosedsubschemeinavarietyX.thenthereexistsabira.tonal pnimorphismfX-XsuchthatxissmoothandfCYJUExcg.isasncdivonXPmfByiuainai.me

hauefii-xs-i.Iissmooth.Nowconsidercijfig-Iltnl.by 陋
wehauefiT-Tst.fi
lfiIYGIthpfiDOTisanideafshafgsncdiv.lt

。

Yujie Luo-SCMS 2021 Summer


